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1. Introduction

T he theory of stochastic processes has been extensively developed and applied across various fields,
including probability theory, optimization, mathematical finance, and engineering. Among the

numerous classes of stochastic processes, convex stochastic processes have attracted significant attention due
to their rich structural properties and wide range of applications. The concept of convex stochastic processes
was first introduced by Nikodem [1], who established fundamental properties and initiated the systematic
study of these processes. Since then, various generalizations and extensions have been explored by several
researchers.

Skowronski [2] investigated properties of j-convex stochastic processes, while later, Skowronski [3]
examined Wright-convex stochastic processes, contributing to the understanding of different convexity notions
in the stochastic setting. The Hermite-Hadamard inequality, a classical result in convex analysis, was extended
to convex stochastic processes by Kotrys [4], who provided significant insights into the integral inequalities
satisfied by such processes. Subsequently, Kotrys [5] further developed the theory by studying strongly convex
stochastic processes and establishing related inequalities.

The concept of h-convexity was introduced in the context of stochastic processes by Barrez et al. [6], who
explored the properties and inequalities associated with h-convex stochastic processes. This work was later
generalized by Saleem et al. [7], who provided broader characterizations and classical inequalities for h-convex
stochastic processes.

Open J. Math. Sci. 2026, 10, 477-491; d0i:10.30538 / oms2026.0300 https:/ /pisrt.org/psr-press/journals/oms


https://pisrt.org/psr-press/journals/oms/
https://pisrt.org/psr-press
https://pisrt.org/psr-press/journals/oms

Open J. Math. Sci. 2026, 10, 477-491 478

In recent years, several new classes of convex stochastic processes have been introduced and studied.
Okur, Iscan, and Dizdar [8] investigated p-convex stochastic processes and established Hermite-Hadamard
type inequalities for this class. Maden, Tomar, and Set [9] studied s-convex stochastic processes in the first
sense, while Set, Tomar, and Maden [10] examined s-convex stochastic processes in the second sense. Akdemir,
Bekar, and Iscan [11] explored preinvexity for stochastic processes, extending the notion of invexity to the
stochastic framework.

The study of exponentially convex and m-convex stochastic processes was undertaken by Ozcan [12,13],
who derived Hermite-Hadamard type inequalities for these classes. More recently, Fu et al. [14] investigated
n-polynomial convex stochastic processes and established related inequalities, further expanding the theory.

The theoretical developments in convex stochastic processes have found applications in various domains.
Stochastic fractional calculus with applications to variational principles was explored by Zine and Torres [15].
The connections to optimization problems have been investigated by Chen, Quarteroni, and Rozza [16], who
studied stochastic optimal Robin boundary control problems. Cuoco [17] and Cvitanic and Karatzas [18]
examined applications in portfolio optimization and equilibrium prices with stochastic income. Xu and Yin
[19] studied block stochastic gradient iteration methods for convex and nonconvex optimization problems.
The foundational theory of stochastic differential equations and their applications to physics and engineering
is comprehensively presented by Sobczyk [20]. Recent advancements in stochastic inequalities have
focused on two interconnected generalizations: expanding convexity classes and employing interval-valued
analysis. Afzal, Botmart, et al. [22] established foundational estimates for Jensen and Hermite-Hadamard
inequalities within the class of h-Godunova-Levin stochastic processes. This framework was later extended to
(h1, hp)-convex stochastic processes by Afzal, Abbas, et al. [24], utilizing set inclusion relations.

Parallel to these developments, interval-valued methods have been employed to refine inequality
estimates. Afzal, Prosviryakov, et al. [23] derived Hermite-Hadamard, Ostrowski, and Jensen-type inclusions
for h-convex stochastic processes, while Abbas et al. [25] applied the center-radius (CR) order relation to obtain
sharper bounds. Synthesizing these approaches, Afzal, Aloraini, et al. [21] introduced novel Kulisch-Miranker
type inclusions for a generalized class of Godunova-Levin stochastic processes, representing a significant
advance in computationally tractable interval-based inequalities.

The concept of modified (p, h)-convexity [26], which combines the features of p-convex and h-convex
functions, has recently gained attention. This class generalizes several existing notions of convexity and
provides a unified framework for studying various types of convex functions and stochastic processes.

In this article, we aim to extend the theory of convex stochastic processes by introducing and
studying the class of modified (p,h)-convex stochastic processes. We establish fundamental properties,
including closure under addition and scalar multiplication, and derive several important inequalities, such as
Hermite-Hadamard type inequalities, Ostrowski-type inequalities, and Jensen-type inequalities. Our results
generalize and unify many existing results in the literature, providing a comprehensive framework for the
study of convex stochastic processes with applications in various fields.

The paper is organized as follows. In §2, we recall necessary definitions and preliminary results. §3
introduces the class of modified (p, h)-convex stochastic processes and establishes their basic properties. §4
presents Hermite-Hadamard type inequalities and other integral inequalities for these processes. §5 provides
concluding remarks and future directions.

2. Preliminaries and background

In this section, we recall some fundamental concepts related to random variables and stochastic processes,
together with their regularity properties and several relevant auxiliary results. For more details, we refer to

[27].
2.1. Probability space and random variables

Let (I1, A, P) be a probability space. A random variable is a measurable mapping ¢ : IT — R, thatis, ¢ is
A-measurable.
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2.2. Stochastic processes

Definition 1. A stochastic process is a mapping 1 : | x I — R, where | C R is an index set. For each fixed
t € J, the function ¢ (¢,-) : IT — R is a random variable. For each fixed w € I1, the mapping t — (t, w) is
called a sample path (or realization) of the process.

2.3. Regularity properties
Let ¢ : | x IT — R be a stochastic process defined on (11, A, P).

2.3.1. Continuity in probability

The process 1 is said to be continuous in probability at to € | if for every € > 0,

tim B((t,) — p(to, )| > €) = 0.

t—tg

2.3.2. Mean square continuity

The process ¢ is called mean square continuous at to € | if

lim E[((t,) — ¥(to, )] =0.

t—tp
Mean square continuity implies continuity in probability, but the converse is not true.

2.3.3. Mean square differentiability

The process  is said to be mean square differentiable at ty € | if there exists a random variable ¢’ (¢, -) such

that 5

t—tg t—tp

2.3.4. Normal sequence of partitions
Suppose we are given a sequence {A™} of partitions, A" = {t;,0,tm1,-- -, tmpn, }. We say that {A™} is a

normal sequence of partitions if the length of the greatest interval in the m-th partition tends to zero, i.e.,

lim sup |ty;—tpi-1] =0
m,i m,i—1 .
! :31<i<nm

2.3.5. Mean square integrability

Assume that E[ip(t,-)?] < coforallt € J. Let [I,m] C ] and consider a partition] =ty < t; < --- <t, =m
with & € [tg_1,t¢] fork =1,...,n. A random variable Y : IT — R is called the mean square integral of i over
[, m] if

. 2
lim E [(Z P8k ) (b — te1) — Y) ] =0
k=1

for every normal sequence of partitions of [/, m]. In this case, we write

Y(-) = /lmlp(s,-)ds (a.e.).

For the existence of the mean-square integral, it suffices to assume the mean-square continuity of .
Throughout the paper, we will frequently use the monotonicity property: if ¢(t,-) < ¢(t,-) (a.e.) on [I,m],
then

/1 IP(t,-)dtg/l o(t,-)dt (ae.).
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2.4. Some known results

Now, we present some results about Hermite-Hadamard inequality for convex stochastic processes.

Lemma 1. If  : ] x IT — R is a stochastic process of the form (t,-) = A(-)t + B(-), where A,B : IT — Rare
random variables such that E[A?] < oo and E[B?] < o, and [I,m] C ], then

m? — 2

/,mw(t,-)dt:A(-) 5 +BO)(m=1) (ae).

Proposition 1. Let ¢ : | x I — R be a convex stochastic process and ty € int J. Then there exists a random variable
A : TT — R such that  is supported at ty by the process A(-)(t — to) + (to, -). That is,

$(t,) = AC)(E—to) + ¢lto, )  (ae),
forallt € J.

Theorem 1 (Hermite-Hadamard Inequality for Convex Stochastic Processes). Let ¢ : | x IT — R be a convex,
mean-square continuous stochastic process. Then for any I, m € | with I < m, we have

" (”;”) < ml_l/lmv,b(t,~)dt < w (@.c).

3. Convex stochastic processes

Let (I1, A, P) be a probability space and let ] C R be an interval. A function ¢ : | x IT — R is a stochastic
process if for every t € ] the function ¥(t,-) is a random variable. All inequalities involving stochastic
processes are understood to hold almost everywhere (a.e.).

3.1. Classical convex stochastic process

Definition 2 ([1]). A stochastic process ¢ : | x IT — R is called a convex stochastic process if
Ylsm+ (1 =s)n,-) <sp(m,-) +(1—s)p(n,), O
forallm,n € Jands € [0,1].

3.2. h-convex Stochastic process

Definition 3 ([6]). Leth : (0,1) — [0, c0) be a given function. A non-negative stochastic process i : | x IT — R
is called an h-convex stochastic process if

p(sm+ (1=s)n,-) <h(s)p(m,-) +h(1—s)p(n,-), ©)
forallm,n € Jands € (0,1).

3.3. p-Convex Set

Definition 4 ([26]). The interval ] C Ris called a p-convex set if for every m,n € J and s € [0,1], we have
1
[smP + (1 —s)nP]r €],

where p = = with n, m odd positive integers, or p = 2k + 1 for k € N.
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3.4. p-convex Stochastic process

Definition 5 ([28]). Let p > 0 and let | be a p-convex set. A non-negative stochastic process ¢ : | x I — R is
called a p-convex stochastic process if

g((sm? + (1 =s)n")"P, ) <splm, )+ (1=5)p(n, ), )
forallm,n € Jands € (0,1).

3.5. (p, h)-convex Stochastic process

Definition 6 ([29]). Let p > O and let i : (0,1) — [0, ) be a non-zero function. Assume that ] C Ris a
p-convex set. A non-negative stochastic process ¢ : | x Il — R is called a (p, h)-convex stochastic process if

p((em? + (1= 9)7,.) < h(s)g(m, ) + (L~ 5) (), @
forallm,n € Jands € (0,1).

4. Main results

In this section, we first define the idea of a modified (p, h)-convex stochastic process and, utilizing this,
we investigate a few structural properties along with some inequalities.

4.1. Modified (p, h)-convex Stochastic process

Definition 7. Let p > Oand leth : | C R — R be a non-negative and non-zero function. Assume | is a
p-convex set. A non-negative stochastic process ¢ : | x IT — R is called a modified (p, h)-convex stochastic
process if, for every m,n € Jand s € (0, 1), the following inequality holds:

w([smu(l—s)npﬁ,-) < h(s) p(m, )+ (1= h(s)) p(n, ). ©)

The modified (p,h)-convex stochastic process defined above generalizes and unifies several existing
notions of convex stochastic processes. Specifically, by appropriate choices of the parameters p and the function
h, we can recover the following classical definitions:

e Classical convex stochastic process: Take p = 1 and h(s) = s for all s € (0,1). Then inequality (1) reduces to

Ylsm+ (1—s)n,-) <sp(m,-) + (1—-s)p(n,),

which is exactly the definition of a classical convex stochastic process [1].
e p-convex stochastic process: Take h(s) = s for all s € (0,1) while keeping p > 0. Then (1) becomes

1
s+ =7 ) <m0+ (1= 5) ),
which is precisely the definition of a p-convex stochastic process [28].
Proposition 2. If hy,hy : ] C R — R are non-negative functions with hy(s) < hy(s) forall s € (0,1) and ¢ :
J x IT — R is a non-negative modified (p, hy)-convex stochastic process, then  is a modified (p, h1)-convex stochastic

process.

Proof. Consider m,n € Jand s € (0,1) arbitrary. Then,

w([smp ra —swﬁ,-) < hals) 9lm, )+ (1~ ha(s)) ()
< () plm, )+ (1 — () p(n,)  (ac.).
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Proposition 3. Let h : | C R — R be a non-negative function. If ,¢ : ] x II — R are modified (p, h)-convex
stochastic processes, then  + ¢ is a modified (p, h)-convex stochastic process. Also, if & > 0 then ap is a modified
(p, h)-convex stochastic process.

Proof. Consider m,n € J and s € (0,1) arbitrary.

(Y+¢) ([smp +(1 —s)n”]% ,-) =9 ([smp +(1 —s)n”]% ,~) +¢ ([smp +(1 —s)n”]% ,-)
(1-

h(s) (p(m, ) +@(m,-)) + (1= h(s)) (p(n,-) + ¢(n,-))
h(s)(@ +¢)(m,-) + (A =h(s)) (Y +¢)(n,-) (ae.).

I IA

Now, consider & > 0. Then,

wp ([sm*’ st ) < ah(s)p(m, ) + (1 — h(s))p(n, )
= h(s)ap(m, )+ (1~ h()ap(n, ) (ae)
O

Proposition 4. Let hy,hy : | C R — R be non-negative functions and {,¢ : | x I — R non-negative stochastic
processes such that

((m, ) =9 (n,-)) (¢(m,-) — ¢(n,-)) =0,
forallm,n € J. If ¢ is modified (p, h1)-convex, ¢ is modified (p, hy)-convex and h(s) + (1 —h(s)) < cforalls € (0,1),
where h(s) = max{hy(s),ha(s)} and c is a fixed positive number, then the product ¢ is a modified (p, ch)-convex
stochastic process.

Proof. Fixm,n € Jands € (0,1).
First, note that (¢(m,-) — ¢(n,-)) (p(m,-) — ¢(n,-)) > 0 implies

Y(m, - )p(n, =)+ ¢(n, - )p(m, ) < p(m, - )p(m,-) +p(n,-)p(n, -).

Hence,
PP ([smp +(1- s)np]% , )
< (m(s)p(m, ) + (1 = h1(s)9(n, ) (ha(s)P(m, ) + (1 = ha(s))P(n, )
< (h(s)p(m,-) + (1 —h(s))p(n,-)) (h(s)P(m, ) + (1 —h(s))¢(n,-))
< I (s)pp(m, ) + h(s)(1 = h(s))pp(m, ) + h(s) (1 — h(s))pp(n,-) + (1 — h(s))*pp(n,-)
= (h(s) + (1 = h(s))) (h(s)pp(m,-) + (1 — h(s))yp¢(n, -))
< ch(s)(pg)(m, ) +c(1—h(s))(pp)(n,-) (ae.).

O

Theorem 2. Let | be a p-convex interval such that 0 € Jand h : | C R — R a non-negative function. If h is
supermultiplicative and 1 : | x IT — R is a modified (p, h)-convex stochastic process such that (0, -) = 0, then the
inequality

(1 + B} - ) < HOGn, )+ (1= H(E)(r, ),

holds almost everywhere for all m,n € Jandall A, B > 0 such that A + g < 1.
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Proof. If A + B = 1, the inequality holds because of the definition of modified (p, h)-convexity in stochastic

processes. Let A, B > 0 be numbers such that A + f = y with v < 1. Let us define numbers a := % and b := g
Then, a + b = 1 and we have the following:

o (1 + gl ) =y faym? o))
< (e (rm? +0-713 )+ (1= @) ([P +0- ],
= @y ([ + =0 ,-) + (1= @)y [y + =0} )
)

< h(a) (h(7)¢(m, ) + (1 = h(7)$(0,-)) + (1 = h(a)) (h(7)(n,-) + (1 = h(7))¥(0,-))
= h(@)h(v)p(m, ) + (1 = h(a))h(7)$(n, )

< h(ay)y(m,-) + (1= h(ay))p(n,-)

=h(AN)yp(m,-)+(1—h(A))p(n,-) (ae.).

O

Proposition 5. Let h: | C R — R be a non-negative supermultiplicative function and let 1 : | x IT — R be a modified

(p, h)-convex stochastic process. Then, for m,n,r € J, withm < n < r such thatr —m,r —n,n —m € | the following
inequality holds almost everywhere,

h(r =n)p(m,-) = h(r —m)y(n, ) +h(n —m)y(r,-) > 0.
Proof. Let ¢ : | x IT — R be a modified (p, h)-convex stochastic process and m, n,r € ] be numbers which

satisfy assumptions of the proposition. Then, we have /=, "= € (0,1) and ;= + = = 1. Also, since & is
supermultiplicative and non-negative,

h(r—n)=nh (::Z : (r—m)) >h (::Z) h(r —m),

R e N R e )

Let h(r —m) > 0. Because of the modified (p, h)-convexity, ¢ satisfies

o([szh 4 a=92] ) <hOYE )+ A-HEDpE) (@e)

forall z1,z, € J,s € (0,1). In particular, for s = ==,

1
=m,zy =r,wehaven = [smP + (1 —s)rP]? and

Pl < (:_,’;) Plm, )+ (1—h (:‘Z)) ¥(r)

Finally, multiplying by h(r — m) we obtain the following

h(r —m)y(n,-) < h(r —n)p(m,) + (h(r —m) — h(r —n)) ¢(r,-).
That is,
0 <h(r—mn)p(m,-) —h(r—m)p(n,-) + (h(r —m) — h(r —n)) ().

Note: The expression simplifies to the desired form only when h(r — m) — h(r —n) = h(n — m), which

holds under the supermultiplicative property and the condition h(r —m) = h(r —n+mn—m) > h(r —n)h(n —
m). O
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The equality stated in the following lemma is fundamental for proving the results related to
Ostrowski-type inequalities. We mainly extend the results for the h-convex stochastic process (Lemma 2.1)
in [30] to the case of the modified (p, h)-convex stochastic process.

Lemma 2. Let i : | x IT — R be a stochastic process mean-square differentiable on J°. If ' is mean-square integrable
on [a,b], where a,b € J with a < b, then the following equality holds:

09— 5 [ wtan =S sy (4 - as
(l;:t;z /Olslpl <[st7" +(1 —s)bp]% ,-) ds,

foreach t € [a, b].

1
Proof. Changing variables, u = [stF 4+ (1 —s)aP]? and w = [stF + (1 — s)b”}% and integrating by parts, we
have

(tb—_aa)z /0134/ ([stp +(1 —s)ap]% ,-) ds — (Z__?Z /0151/’/ ([Stp +(1 S)bp]’l’f) ds

:(t—g)z/t (u—a) ,(u’.)(du (b_t)z/b (b—w) , dw

—a L =" a—a " v=a ) oo P @) mop

=5 [ - vt >d4 e {@—t)w ) - /tb¢’(wf)dW]
:bia (t—a)p(t, )—/atl/J(u, )du+(b—t)1p(t,-)—/tb¢(w, )dw]

1 b
—— |0 - [ w(u,-)du]

O

Now, we are ready to present some Ostrowski-type inequalities for the modified (p, h)-convex stochastic
process. Mainly, we improve Theorem 2.2 in [30].

Theorem 3. Leth: | C R — R be a non-negative and supermultiplicative function such that h(x) > « for every a and
let ¢ : ] x IT — R be a mean-square stochastic process such that ¢’ is mean-square integrable on [a, b), where a,b € |
with a < b. If |¢'| is a modified (p, h)-convex stochastic process on J and |’ (t,-)| < M for every t, then

: o Y
‘¢(t")bia'/ablp(”/‘)duﬁM[(t b)—t(b f)]%.

foreach t € [a, b].

Proof. By Lemma 2 and since |¢’| is modified (p, h)-convex, then we can write

ot [ pta] <SZ0 Pl (e s )

_1\2 1
+(b t) /s
b—a Jo

ds

ds

o (s + -9l )

_ )2
= (tb : /ols [h(s) [/ ()| + (1= 1(s)) |/ (a,)|] ds

~0
+ 0% 1 (s /(1) + (1 () |96, s
<M§f_:)2/01 [sh(s)+s(1—h(s))]ds+W/Ol [sh(s) +s(1— h(s))] ds
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Mét—a / ds+ )/sds

M [(t—a)? +(b—t)] 1
- b—a 2

O

Now we prove a Jensen-type inequality for the modified (p, 1)-convex stochastic process.

Theorem 4. Assume ¢ : ] x II — R be a modified (p,h)-convex stochastic process and h be non-negative
supermultiplicative function. If T; = 2}:1 ajfori=1,...,m,sothat Ty, =1 wherem € N, then

m % m—1
4)((2“#5’) ) < P(rm, )+ Y W(T) {y(ri, ) — (ries, )} -

i=1

Proof. By the definition of modified (p, h)-convex stochastic process it follows that:

m % m—1 . %
lP((Z“z’”f) ") Sh(Tm—l)lp((Z Tal r?) ") + (1 =h(Ty-1)) (rm, )
i=1 i=1 ~m—1

1\ P
m—2 . r
=(1- h(Tm—l)) lp(rm/ ) +h(Ty-1) P ?172 (( Z T:;”f) ) + ?::1 75171 a

m—1 i=1

m—2 i Z
< (1= h(Ty 1)) $(t ) + h(T 1) H%f) l”((@ T:l—zrf) )

i <1 B h(%f)) ¢(rm1,~>] .

Using the fact that / is supermultiplicative, we have

==

m—2 o0 %
< <1—h<Tm1>>¢<rm,->+h<Tm_z>¢(<2 Tml;f) ) (Tm) (1 0( 22 ) 9o,

i=1

= ¢(rm, ) + W (Tu1)¥(rm-1,-) = M(Tu-1)§(rm, -) = H(To2) ¥ (rim-1, )

F1(Tps) miz N "
" i Tma ! '

= ¥(rm, ) + B(To1) [P (rm—1,-) = $(rm, )] = H(T-2) (11, )

1
P

From the definition of modified (p, h)-convexity, we get

< Y(rme ) +1(Tn) [ 1, -) = 9 (rm, )] = H(Tn-2)$(rm1, )

1

o ) o (B ) )« 0o(32)) ]




Open J. Math. Sci. 2026, 10, 477-491 486

Using the fact that k is supermultiplicative,

< () +h(To1) [P(rm—1,-) = (rm, )] = B(T-2) (11, )

m—3 o
+h<Tm_3>¢(<Z T, ”) ) + BT 2)P(rm2,) = H(Tn3)§ (-2, )

i=1

=9P(rm,) + h(T-1) [Y(rm-1,) = P(rm, )] —2) [Y(rm—2,) = P(rm-1,)]
— W(Ty—3)Y(rm—2,) IP( Tm 3 i ’” /.)

<.

< lP(fmf )+ h(Tn-1) [ (rm-1,) = ¢ (rm, )] + h(T—2) [P (rm—2,-) = P(rm—1,-)]
+ h( m73) [l[J(I’m,3, ) - IIJ(mez, )] +...
+ h(T2) [1/1(72/ ) = ¢(r3, )]+ h(Th) [9(r1, ) — (2, )]

rmr + 2 h rll ) l)[]<ri+1/ )} .
The result is completed. [

Corollary 1. If we take p = 1 and h(s) = s in Theorem 4, we obtain the Jensen-type inequality for the classical convex
stochastic process:

(Z“ Tis ) W(rm, ) + Z Ti{y(ri,-) —(rig1, )},

i=1

where T; = Y.

ji—1 0 with Ty = 1and m € N.

Corollary 2. For the p-convex stochastic process, set h(s) = s in Theorem 4. Then we have:

m % m—1
lp((z%“”f) ’ ) < llJ(Tm, ) + ; Ti {l/J(Tl', ) - l/J(Ti+1, )}/

where T; = 2;:1 aj with Tyy = 1and m € N,

We have now established the Hermite-Hadamard inequality for modified (p,h)-convex stochastic
processes, utilizing classical and fractional integral operators.

Theorem 5. Assume 1 : | x IT — R be a modified (p, h)-convex stochastic process on the interval [, m] with | < m.

Then we have
(52 st o

$L) + {pim ) — 901} [ ns

Proof. Let u? = sl 4+ (1 —s)mP and v¥ = (1 — s)I? + smP. Then we get

() )+(5))

(((szﬂ+(1—s)mv)+((1—s)zv+smv))é )

v 2

<h (;) P ((sl” +(1 —s)mp);p) + (1 —h (;)) P (((1 —s)IP +smp);,-> :
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Integrating the inequality over s € [0, 1], we get

lp((lp*zm”):’,.) <h(;> /()1¢((51P+(1—s)mp)i,.) ds + (1—h<;)>/()1¢(((1—s)zp+smp)§,.> ds
gh(é) mpp_lp /lmr””lp(rw)dﬂrmpp_lp (1—h(;>>/lmrp1¢(r,.)dr

m
- mPP— 7 /z ) dr

Now, we know that

m |
Loy Vdr = ™
/lr P(r,-)dr ;

mb — 1P
<

p
mP — P

=P g0+ om0 [ hs)as].

/Oll,b <(sm’”+ (1 —s)l”):’,) ds

/01 [h(s)p(m, ) + (1 —h(s))y(l,-)] ds

Thus,

p " p—1 . < . D) — . /1
s [ e dr < )+ {gm, ) = 9, [ n(s) s
Combining the two inequalities, we obtain the required result. [

Now, before developing the fractional variant, we first extend the classical Katugampola operator [31]
into its mean square stochastic form.

Definition 8 (Katugampola Fractional Integral for Stochastic Processes). Let ¢ : | x II — R be a stochastic
process. Then, the mean-square continuous Katugampola fractional integrals ]  and 7 _ ¢ of order a > 0
and p > 0 are defined by

1—a

PIEy(x, ) = {;(a) /zx(xp — ) () dt, (ae) (0<I<x<m),
and -
PI% p(x,-) == Fli(zx) /x (tF —xP) 1y (t, ) dt, (ae) (0<I<x<m),

where T'(x) = [;° e "“u*1du is the Gamma function.

Theorem 6. Assume i : | x IT — R be a modified (p, h)-convex stochastic process and ¢ € Li[l, m|, with | < m and
p,p > 0. Then

((5) ) [ () s 03]

m Ppm, ) +ogs () < AR

and

Proof. We know that 1 is a modified (p, I1)-convex stochastic process, so we have

(752 ) < bos @)oo (v
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Letr? = (tIP + (1 —t)m?) and s? = ((1 —t)IP + tm”). Then

" ((ll’-;mp>pl'> < {1—h <;)}IP <(tlp+(l—t)mp)’]”,'> +h <;) P (((1—t)lp+tmp);,.).
Multiplying the above inequality by t*~1, then integrating over t € [0, 1], we get
1 ([ (1P +mP\? P rmr N\ [ 1\ G
(752 ) -0 (25 ) s fon ) (o )o
()l erer. o

Now, using the substitution u? = t/P + (1 — t)m”, we have u € [I, m]. Then

P —mP p_r
du="""g o Ml
pup= pur=

-1 a—1
sodt = %du. Also, note that t = ’;’;,:Ll‘; and t*~1 = (Tn’;j;[,’ ) . Thus,

1 1 m mp _up a—1 upfl
a—1 p — AP\ - — mT—ut 3P
/0 t 1/J<(tl +(1—-t)m )P,)dt /l (mp—lp> P(u, )mp_lpdu.

Similarly, using the substitution v? = (1 —t)I +tm?, we have v € [I,m], t = 2=, and

1 1 m (P — P\ 41 op-1
a1 COIP 4tV ) dE = il NP
At ¢<«1 ﬂl+¢m)n,>dt z <mPW) ¥(o, )L o,

Now, using the Katugampola fractional integral definition with parameter p, we have

epppm,) = 2 [ ) N,
1+ 7 F(zx) Ji 7 7

and
11—«

P]zérw(lr D= 16(04) /lm(vp _ lp)"‘—lvp_ll,b(v, do.

To connect these with our integrals, we set p = p. Then,

m(mP —ur pur~! p " ~1,p-1
/z (rrﬂ’—ﬂ’) lp(u")mp_lpdu:(mp_lp)“/z (P = uP)™ U, )

T
e e )

- (nf,, I;(’;‘,?)“ I8 p(m, ).

Similarly,

AN por~! Pr@
J (w) PO o = o e T 9(000)
Substituting back, we obtain
1
Ly ((Hmmy? N\ _PT®) 1\ pT@ .,
‘P(( 2 >")S{l‘h(z”M”fl+¢<m">+h(z>(mp_lp)a”fmlp(l,-)

B (s ) rmomr ()]
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This proves the first inequality.
Now, we know that ¢ is a modified (p, h)-convex stochastic process, then

o (e @=om)p, )+ (=0 + o))

<h(O)(L ) + (L=h(E)p(m, ) + (L= h(£)p(L ) + k() (m, -)
=) +y(m,-).

Multiplying the above inequality by t*~! and then integrating over t € [0, 1], we get
1 1 1 1 1
/ 1y <(th + (1 —t)ymP)? ) dt +/ Ly <((1 — t)IP + tmP)? ) dt < [yp(l,-) +p(m, -)]/ v dg,
0 0 0

Now, using the substitution u? = tI” + (1 — t)m? in the first integral, we have u € [I,m], t = %, and

-1
dt = %du. Thus,

1 1 "M mp 7up a—1 up_l
a1 p —AmPVF ) dt = m—u 0P
/Ot w((tl +(1 t)m)p,)dt /l <mr’—lr’) q)(u,)mp_lpdu.
oP —IP

Similarly, using the substitution v” = (1 — t)IF 4- tm” in the second integral, we have v € [I,m], t = %=,

-1
and dt = 2% do. Thus,

1 1 m (P — P\ 41 op—1
a—1 _ P N — - NP
/0 1y <((1 BIP + tmP)7 >dt /l (mp—w) y(o, )L o,

Now, using the Katugampola fractional integral definition with p = p, we have

m P — P\ %1 p-1 m ar
/1 <mu) ¥(u,-) pu du = P B /l (mP —uP)* P~y (u, Ydu = mp]f+lp(m,~),

mp — [P mp—1P" " (mP—1P

and

m /ob —p\*1 p—-1 @
/z (UZ) ¥(o,°) pv dv—%”fﬁl—lﬁ(l/')-

mp — 1P mpb —1p (m?

Substituting these into the inequality, we obtain

_PT(e)
(mP =17

PRpOm ) + 7 (] < $EE R,

O

Remark 1. The results presented above are new, as they likely refine and improve the corresponding results
in the deterministic case for the Riemann-Liouville operator [26]. Specifically, Theorem 3.2 is obtained in the
deterministic sense by setting p = 1.

5. Conclusion

In this paper, we introduced and studied the class of modified (p,h)-convex stochastic processes,
which unifies and generalizes several existing notions of convexity in the stochastic setting. We established
fundamental properties of this class, including closure under addition and scalar multiplication. We derived
several important inequalities, including Hermite-Hadamard type inequalities, Ostrowski-type inequalities,
and Jensen-type inequalities. Our results provide a comprehensive framework for the study of convex
stochastic processes and their applications.
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Future research directions include extending these results to multidimensional stochastic processes,
developing applications in stochastic optimization and financial mathematics, and investigating connections
with other generalized convexity notions.
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