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1. Introduction

L ET Q) = [0,1] x [0,1] C R?. Consider first the incompressible time-independent Navier-Stokes system

vWV2u — uu, — Uiy — P, =0,

vV20 — uvy, — voy — Py =0, 1
uy + oy =0, in Q).

Here, v > 0 is a small constant to be specified, and u = (u,v,P) € WLZ(Q; R3 ), where u denotes the fluid

velocity in the direction i = (1,0) € R?, v denotes the fluid velocity in the direction j = (0,1) € R?, and P is
the corresponding pressure field. The boundary conditions are prescribed as follows:

u(0,y) =o(y), ©(0,y)=0, POy) =Py, 0<y<1,
u(x,0) =0, v(x,0) =0, Py(x,0)=0, <x<1, )
u(x,1) =0, v(x,1) =0, Py(x,1)=0, <x<1,
ux(Ly) =0, u(Ly) =0, P(Ly)=D(y), 0<y<l
2. On the Establishment of an Approximate System
Proceeding as in [1], observe that from Eq. (1), we have
0 2 0 2
Y (vV -y — Px) + @ (VV U — UDy — U0y — Py) =0. 3)
Thus,
vV (ttx 4 vy) = V2P + uf + 0y + 2uy0x + ity + 0y)x + 0(ttx + vy)y. (4)
Therefore, assuming
V2P + ujzc + vﬁ +2uyvy =0, in Q),
we obtain
vV (uy + vy) = u(uy +vy)x +0(ux +0y)y. )
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We also suppose that v, u, and v are such that

with the boundary condition

is the unique solution of the equation
vWiw — uwy — owy = 0, in Q.

Hence, from this and (5), we obtain
uy +oy =w =0, in ),
and

uy +oy, =w =0, on oQ).

Remark 1. In such a case, we must drop the boundary conditions in P. Indeed, from the results indicated
above, we obtain the following resulting system:

vV2uU — Uty — vuy — Py =0,
vV?v — uvy — vvy — P, =0, (6)
V2P + u,% + vﬁ +2uyvy =0, inQ),

with the boundary conditions

u(0,y) = to(y), 0(0,y) =0, <y<l,

u(x,0) =0, v(x,0) =0, <x<1,

u(x,1) =0, v(x,1) =0, 0<x<1, (7)
ux(1,y) =0, vx(l,y) =0, <y<1,

Uy +vy = 0, on 0.

Remark 2. We understand that the procedure for obtaining this last elliptic system is very well known in
numerical fluid mechanics. In my view, our only original contribution was to obtain the correct boundary
condition

uy +vy =0, on o),

as indicated in [1].
Considering this context, we solve the following approximate Navier—Stokes system:

vV2u — uuy, — vuy — Py =0,
vV?0 — uv, — voy — Py, =0, (8)
V2P + u,% + v§ +2uyvy =0, inQ,

with the boundary conditions

u(0,y) = toly), 0(0,y) =0, POy)=Pyy), 0<y<1,

u(x,0) =0, v(x,0) =0, Py(x,0)=0, <1, 9
u(x,1) =0, v(x,1) =0, Py(x,1)=0, <1, ©)
ux(Ly) =0, ox(Ly) =0, P(Ly)="P(y), 0<y<1

Regarding the references, first we recall that the generalized method of lines was originally introduced in
the book [2] in 2011. It is worth highlighting that standard models in fluid mechanics are addressed in [3,4].
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Related results may be found in [5-8]. For related numerical approaches and results, we cite [1,9-11]. Other
more general and related results may be found in [12-14]. For the Sobolev spaces involved, we cite [15].

Intending to apply the generalized method of lines approach in a Cartesian-coordinate context, we
discretize the domain () in the x direction by defining

d=—,
mg

where mg = 800 and mg is the number of vertical straight lines.
Observe that, similarly to what is found in the references [2,13,14], already considering an initial solution

{(u0)n, (v0)n, (Po)n} = U,

fixing U; = Uy, and considering a proximal formulation through an appropriate constant K > 0, we may
obtain the last equation in partial finite differences. Standard finite-difference schemes may be found in [11].
Thus, we have

Upy1l —2Un + U1 | MU (u0)n — (u0)n—1 my
v ( - d2n — + d%n> - (”O)n% - (UO)HE(UO)n

P0)n = (Po)n-1

— K(un — (uo)n) — P

=0, (10)

Uyy1 —20n + 0y 1 | M0 (v0)n — (v0)u—1 my
% ( d2n + d;) - (uo)nnf - (UO)nZ(UO)n
P,
— K(vp — (v0)n) — mll(il(’)” =0, (11)

and

P — 2P, + P, _ Mmoo P u — (ug)y—1 (u —(ug),—
( n+1 dzn n—1 + 222 n) —K(Pn _ (Po)n) + ( O)n d( O)n 1 ( O)n d( O)n 1
1

m1(vo)n m1(vo)n - m1(uo)n (v0)n — (v0)n—1

2 =0 12
o 4 T4 d ' (12)
foralln € {1,...,mg — 1}. Here, m; is an appropriate matrix such that a; o E';ZIL)‘% . That s,
-2 1 0 0 0
1 21 0 --- 0
my = | . e . . (13)
0 00 T =2 J o1 (mo-1)
Moreover, ) )
-1 1 0 0 0
1 -21 0 --- 0
e : ’ (14
L0 00T (mo—1)x (mo—1)
(-1 1 0 o0 0 |
O -1 1 0 0
mig = : s (15)
L 0 0 0 0 -1 d (mg—1)x (mg—1)
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my

Furthermore,

1 00 O --- 0
-1 1 0 O - 0
b= :
0 00 1T L g1y x(me-1)
M1 + Myp
my = 5 .

Here, mg = 120, and d; = m% Denoting

(y1)n = — (uo)n

(40)n — (40)n

- (UO)W%(uO)n + K(uo)n -

d d

from (10), in particular for n = 1, we obtain

|

Thus,

so that

where

and

Reasoning inductively, hav

we obtain
Upt1 —2U
Therefore,
where
m
and

The induction is complete.

Upq1 — 2Up +Uy_1 | Maly _
72 + 2 ) — Kup + (y1)1 = 0.
. mpuy » d?
uy —2uy +do + d )2d + (y1)17 =0,
1)1

uy = mso(1)uz +z1(1),

ing
up—1 = mso(n — uy +z1(n —1),

2

mou d
e+ (y)n—- =0.

(d1)3

n+ TH50(1’1 — 1)Mn +Zl(l’l — 1) +
un = mso(n)uy 1 +2z1(n),

myd® 2 -
s0(n) = (21d(dz1)2+1<vm50(741)> ,
n

z1(n) = msp(n) <(y1)nci2 +2z1(n— 1)) .

Observe that from the boundary condition u,(1,y) = 0, we have u;,, = Upg—1- Thus,

Consequently,

uTng—l = umg = m50(m8 - 1)um8 + Al (7718 - 1)

Umg = (I — mso(mg — 1))z (mg — 1),

(Po)n — (Po)n-1

7

(16)

17)

(18)
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and

Upg—1 = Ung-

Similarly, we obtain
Upg—2 = M5 (Mg — 2)Upg 1 + 21(mg — 2),

and so on, up to finding

uy = mso(1)uz +z1(1).

The next step is to replace { (1), } by {u,} and repeat this procedure until an appropriate convergence
criterion is satisfied. Similarly, we may obtain {v, } and {P,}.
Denoting U = {uy, vy, Py}, we evaluate
Iy — ul|. (19)

The next step is to replace Uy by U = {uy, vy, P, }. Thus, we keep repeating the whole process until
Ity — U|| — 0in Eq. (19). The problem is then solved.

3. Some Details about the Numerical Method Convergence

Consider again the approximate Navier-Stokes system

vWV2u — uu, — ULy — P, =0,
vV?0 — uv, — voy, — Py, =0, (20)
V2P +u3 + 05 + 2uyvy =0, inQ,

with the previously indicated boundary conditions, namely

u(0,y) = ao(y), 0(0,y)=0, POy)="Py), 0<y<1

u(x,0) =0, v(x,0) =0, Py(x,0)=0, <1, 1)
u(x,1) =0, v(x,1) =0, Py(x,1)=0, <1,
ux(1,y) =0, oe(l,y) =0, P(lLy)=P(y), 0<y<1

Denoting

o i = 2(ue)i; + (u)ijor o (ma)a(ug)y
V uk — { d2 + d% 7

and including a proximal term through a constant K > 0, in a finite-difference context, the first equation in the
last system becomes

V1 — ()i ((Mk)i,j+1d_ (Mk)i,j> ~ (o) (W)

(Pe)ij+1— (Pr)ij

- F — K(ugsq —u) = 0. 22)
Denoting
Hy (1, vg, Pe) = Ky — {(”k)i,j <(“k)irf+1d— (”k)i,j> }
) {(vk)i’f (W) } B { (Pk)i’md_ e } (23)
we obtain

szuk+1 — Kuyyq + Hy (ug, vy, Py) =0.
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From this last linear equation, we may obtain

g1 = Fy(ug, vk, Pr) = wgeqq (g, 0k, Pr)-

Considering the algorithm that we have utilized, we set the following second equation in finite
differences:

vV = ()i ((vk)i’jﬂd_ (Uk)i’j) — (o0)ij (Wl);lll(vk)l])

 (m1)aPy

d — K(Uk-i-l - Uk) =0. (24)
1

Similarly to the previous equation, considering that

U1 = Fi (ug, vk, Pe) = ttgy1 (ke 0, Pr),

we obtain
szka — Kvgyq + Hy(ug, v, P) =0,

for an appropriate matrix Hy, so that
U1 = Fo (1, 0, Pi) = 0x1 (g, 0k, Pre).-
Finally, for the third equation, we may also obtain
V?Pii1 — KPeyq + Ha(ug, v, Pr) = 0.

Denoting u; = (ug, vg, P), we have obtained

—vV2 + Ky 0 0 H (uy)
0 —vV? + Kl 0 W = | Ha(wy) |- (25)
0 0 —V2 +Kly Hs(uy)
Thus,
—vV2 4+ Ky 0 0 Hy (ug41) — Hi(ug)
0 —vV2 + Ky 0 (Weyo —Wp1) = | Ha(wgyr) — Ho(wg) |- (26)
0 0 V% +Kly Hj(wgt1) — Ha(ug)

Hence, there exists a symmetric matrix M(uy, ug 1) such that

—vV2 +Kly 0 0
0 vV + Ky 0 (wpr2 — wep1) = M(ug, uppq) (g1 — ug). 27)
0 0 ~V2 +Kly
Denoting
—vV2 +Kly 0 0
L, = 0 —vV2 + Ky 0 , (28)

0 ~V2 +Kly

we have ug, 1 = L;l{Hj(uk)}gxl = F(uy). Here, we assume that @y = (i, 99, Py) and 0 < «; < 1 are such
that there exists r > 0 satisfying

a1Ly, > M(u,v) >0, Vu,v € B,(fp).
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Observe that

L;lM(u,v)H <a; <1, Vuve B(a).
Observe also that
Wepo — Weyr = Ly M (g wp ) (Weyn — ug).
Define r;{ = (1 — aq)r. Assume that K > 0 is large enough so that u; = F(1p) also satisfies ||u; — @g|| <71 <7,

and therefore u; € B, ().
Thus, from this result and from uy — u; = L; ' M(fp, uy ) (u; — ), we obtain

Juz — i = || L5 M(80, )| lwr — Gol| < o [luy — | < aary. 29)

Reasoning inductively, for k > 1, assume now that
u; € B,(tp), Vie{l,...,k+1}.

In such a case, we have
[uz —ui| < ayry,

Juz — || < ayfjup — wy || < afry,

and so on, up to obtaining
k+1
[upi2 — wpqall <y

Thus,

[us2 — o] = [[Ups2 — W1 + gy — -+ — w2 —ug +ug — G|
< ugpo — g || + [[ugpg —wgel] + - - + [lug — G|
< DCII-HH + 0(11(1’1 +-4ar1+n

o .
< 206]11"1
j=0
_ N
11— X1
=r. (30)
Therefore,

Upqp € B, (ﬁo) .

The induction is complete, so that
ukEBr(ﬁo), VkeN.

From these results, we may infer that

luea = wepn | < |20 MG wn) | uesn = w

< wflugp —wel,  VkeN. (31)

Consequently, from the Banach fixed point theorem, there exists uyg € B,(1p) such that uy — uy. Finally,
from this last result, by continuity, we obtain limy_,,, ugyq = ug = limy_ ., F(ug) = F(up). In summary, the
vector ug solves the approximate Navier—Stokes system in question in a finite-difference context. The objective
of this section is complete.

4. The Time-Dependent Case

In this section, again for O = [0,1] x [0,1], we solve the following time-dependent approximate
Navier-Stokes system:
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ur = vV2u — uuy — vuy — Py,
vy = vV20 — uv, — voy — Py, (32)
V2P +ui + vy +2uyvy =0, inQx [0, T].

The boundary conditions are prescribed as follows:

u0,y,t) =o(y), 0O,y t)=0, PO,yt)="Py), (t) c[01]x[0T]
u(x,0,t) =0, v(x,0,t) =0, Py(x,0,t) =0, (x,t) €[0,1] x [0, T], 23
u(x,1,t) =0, v(x,1,t) =0, Py(x,1,t) =0, (x,t) €10,1] x [0, T], (33)
ux(1,y,t) =0, or(Ly,t) =0, P(Lyt)=DP(y), (y,t)€]0,1]x][0,T].

The initial condition is given by

(u(x,y,0),0(x,y,0)) = (4 (x,y),v5(x, y))-

Intending to apply the generalized method of lines approach in a Cartesian-coordinate context, we

discretize the domain () in the x direction by defining d = mig, where mg = 800 and mg is the number
of vertical straight lines. We also set T = 1, and discretize time by taking mjy = 300, dp = rn%o For
k = 2, already considering an initial solution {u},vL} = {(uo)}, (vo)}}, with the corresponding {(Py);}

obtained from the solution of the time-independent case for v = 0.55, and setting {(u0)¥, (v)k, (P0)k} =
{(u0), (v0)%, (Py):}, similarly to the time-independent case, we may obtain {uX, v, P¥1, through the following
system of finite-difference equations:

ul — uk1 wh g = 2ul +ul o moul ¢ (wo)k — (o)
- tv 5 + =" = (W)
q P2 d

P k P k
- () M)y - g, a0

— k k k k k
Johoht (% St mzvl,;) (g R = @0y

&, 2 e "4
K
- (Uo)ﬁ%(vo)ﬁ - @ =0, (35)
1 1

and

k k| pk
(Pn+l — 2P+ Py n m Pk

. L k k k
42 d% ) _K(Pn_(PO)n)+ d d

my (vo)X my (v)k n zml(uo)ﬁ (v0)k — (vo)k_;

d d d d =0 (36)

+

forallm € {1,...,mg—1} and k=2.

The next step is to replace {(u)k, (vo)X, (Py)k} by {uk,vk, Pk}, and then repeat this procedure until
an appropriate convergence criterion is satisfied. Reasoning inductively, for 2 < k < myjp, having
{uk=1,0k=1 PE=1}, with the starting solution {(ug)k, (vo)k, (Po)k} = {uk~1,05~1, Pk=1}, similarly, we may
obtain {uX, vk, P¥}. The induction on k is complete. The problem is then solved.

5. Numerical Results

As previously mentioned, the numerical results were obtained for

mg = 800 and mg = 120.
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5.1. Results for the Time-Independent Case

For the time-independent case, we set
v =0.03, ilp = 0.55, Py = 0.35, b =0.125, in [0,1].

The units refer to the International System of Units, with a standard normalization commonly used in fluid
mechanics.

For the obtained solutions u, v, and P, see Figures 1, 2, and 3, respectively.

Figure 1. Solution for the velocity field #(x,y) in the time-independent case for v = 0.03.

Figure 2. Solution for the velocity field v(x, y) in the time-independent case for v = 0.03.

Figure 3. Solution for the pressure field P(x, y) in the time-independent case for v = 0.03.

5.2. Another Algorithm for the Time-Independent Case

Concerning the last section and the corresponding algorithm, we emphasize that the solution of the last
approximate Navier-Stokes system, including boundary conditions for the pressure field, may be such that
[lux + vy || is large. In such a case, the continuity equation is not properly approximately solved throughout
the domain, especially close to its boundaries. In order to address such issues, we propose another algorithm,
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which is described in the following lines. We solve the following Navier—Stokes system with no boundary
conditions imposed on the pressure field:

vV — iy — vuy — Py =0,
vV?v — uvy — vvy — P, =0, (37)
uy + oy =0, in Q),

with the following boundary conditions:

u(0y) =do(y), v(0y) =0, 0<y<1,
u(x,0) =0, v(x,0)=0, 0<x<1,
(3,0 (x,0) .
u(x,1) =0, v(x,1)=0, 0<x<1,
ux(l,y) =0, u(l,y) =0, 0<y<1

Considering these boundary conditions, let N denote the number of vertical lines, as well as the number

of nodes in the x and y directions, and define

1
d=—.
N

The corresponding algorithm is as follows.

1. Setby; =107%, nmax €N, k=1.
2. Choose an initial solution {(19)n, (v0)n }-
3. Set Py = {(Py)n} = {xn}, and update k=k+1.
4. Here, generically denoting V2u, = ”"“2;# + Z#uy, calculate, through an appropriate MATLAB
function, {u,, v, } = {u,(x),v,(x)}, such that
vV2u, — K(uy — (1g)n) — (%MM
— (v0)nmy (u;)n _ dn _dxnfl =0, Vned{l,...,N—1}, (39)
and
vV20, — K(v, — (v9)n) — (%)n%
— (00)nm (U;)" - mzx” =0, Vnef{l,.. N-1} (40)
5. Having {un,v,} = {un(x ) n(x)}, calculate £ = {%,} such that J(2) = infyJ(x), where, in a
finite-difference context, J (x) = [ (ux(x) + vy (x))? dx.

6. If |[{un(2) — (0)n oo < b12, or k > nmax, then stop. Otherwise, set {(u0)n, (v0)n} = {Un(2),vn (%)},
and return to item 3.

5.2.1. A Numerical Example

We developed a numerical example with
v =0.15, ilp = 0.55, N =40, d=— d = — K = 250.

For the graphs of the obtained solutions u, v, and Py, see Figures 4, 5, and 6, respectively.

2 =1/ Jo(ux +0y)?dx = 42608 x 1078, and

Uy + Uylloc = 1. x 107°. erefore, u, + v, ~ 0, 1n (), so that the continuity equation 1s approximate
y 1.2991 x 107°. Theref, Yy 0, inQ) hat th inuity equation is approxi ly
and satisfactorily solved, as expected.

Moreover, for the final solution, we also obtained ||u




Open J. Math. Sci. 2026, 10, 722-754 732
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04

Figure 5. Solution for the velocity field v(x, y) obtained with the second algorithm for v = 0.15.
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Figure 6. Solution for the pressure field P(x,y) obtained with the second algorithm for v = 0.15.

Remark 3. We have obtained negative values for the pressure field. However, this is not a relevant issue,
since the pressure field is defined only up to an arbitrary constant C > 0, which may be added to P without
producing any other changes in the system solution.

Finally, we obtained a highly oscillatory pressure field, suggesting that the convergence of the optimal P
for the original infinite-dimensional model may occur only in a weak sense.

We now present the MATLAB implementation entitled LinesNavierStokesMarch202610, through which
the numerical results reported above were obtained.

clear all

global ub vb P5 ul uo vo Po m8 m9 S1 u v P W3 k10 el d d1l
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m8=40;

m9=40;

el=0.15;

for i=1:m8
ul(:,i)=0.4*ones(m9-1,1);

end;

for i=1:m8
uo(:,i)=0.3%ones(m9-1,1);
vo(:,1)=0.1*%ones(m9-1,1);
%Po(:,1)=0.3*%ones(m9-1,1);
%ul(:,i)=0.3*ones(m9-1,1);

end;

k10=1;

b25=1;
xo0(:,1)=ones((m8)*(m9-1) ,1);
%xo(:,1)=ones(28,1);

while (b25>10~(-4)) && (k10<49)
k10

k10=k10+1;
%X3=fminunc (’ funMarch20267A’ ,x0) ;
X3=1sqnonlin(’funMarch20267A’ ,x0) ;
b25=max (max (abs (ul-uo0)));
ul=uo;

x0=X3;

uwo=u(:,:,1);

vo=v(:,:,1);
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%Po=P(:,:,1);
uo(m9/2,m8/2)
end;

%ub=uo;
%vb=vo;

for i=1:m8
x1(i,1)=ix%d;
end;

for j=1:m9-1
y1(j,1)=j*d1;
end;

mesh(x1l,yl,u(:,:,1))

The auxiliary MATLAB function used in the implementation is entitled funMarch20267A. It is given below.

function Ws=funMarch20267A(x)

global ub5 vb P5 ul uo vo Po m8 m9 S1 u v P W3 k10 el 4 di

d=1/m8;
d1=1/m9;
e2=1.0;

%K=50;

K=250;
Id=eye(m9-1) ;
m2=zeros (m9-1,m9-1) ;
for i=2:m9-2
m2(i,i)=-2.0;
m2(i,i+1)=1.0;
m2(i,i-1)=1.0;

end;
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m2(1,1)=-2.0;

m2(1,2)=1;

m2(m9-1,m9-1)=-2.0;

m2(m9-1,m9-2)=1.0;

m22=zeros (m9-1,m9-1) ;

for i=2:m9-2

m22(i,i)=-2.0;

m22(i,i+1)=1.0;

m22(i,i-1)=1.0;

end;

m22(1,1)=-1.0;

m22(1,2)=1;

m22(m9-1,m9-1)=-1.0;

m22(m9-1,m9-2)=1.0;

ml=zeros(m9-1,m9-1);

for i=2:m9-2

mi(i,i)=-1;

ml(i,i+1)=1;

end;
mi(1,1)=-1;
mi(1,2)=1;

ml(m9-1,m9-1)=-1;

mla=zeros(m9-1,m9-1);

for i=2:m9-1

mla(i,i)=1;

mia(i,i-1)=-1;

end;
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mla(l,1)=1;
m3=m1;

mil=(mil+mla)/2;

uoo(:,1)=.55%ones(m9-1,1);
voo(:,1)=0.0*ones(m9-1,1);

for i=1:m8-1

for j=1:m9-1
Po(j,i)=x(j+(i-1)*(m9-1),1);
end;

end;

for j=1:m9-1
Poo(j,1)=x(j+(m8-1)*(m9-1),1);
%Po(j,m8-1)=0.125;

end;

i=1;
m12=2%Id-m2/d1"2*d"2+K*d~2xId/el;

m50(:,:,i)=inv(m12);

z1(:,1)=m50(:,:,i)*(K*¥uo(:,i)*d~2/el+uoo(:,1)

-(Po(:,i)-Poo(:,1))/d*d~2/el ...
-vo(:,1i).*(ml*uo(:,1i))/d1*d~2/el ...
-uo(:,1i) .*(uo(:,i)-uoo(:,1))/d*d"2/el);

for i=2:m8-1

m12=2%1d-m2/d1~2%d~2-m50(:,:,i-1)+K*xd~2/el1*Id;

m50(:,:,i)=inv(m12);

z1(:,1)=m50(:,:,i)*(K*uo(:,i)*d~2/el ...
-(Po(:,i)-Po(:,i-1))/d*d~2/el ...
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-vo(:,i).*(ml*uo(:,i))/d1*d~2/el ...

-uo(:,i) .*(uo(:,i)-uo(:,i-1))/d*d"2/el ...
+z1(:,i-1));

end;
u(:,m8,1)=inv(Id-m50(:,:,m8-1))*z1(:,m8-1);
for i=1:m8-1
u(:,m8-1,1)=m50(:,:,m8-i)*u(:,m8-i+1,1)+z1(:,m8-1);
end;

huo=u(:,:,1);

i=1;

m14=2%Id-m2/d1~2*d"2+K*d~2/el1%Id;
m60(:,:,i)=inv(mid);
z2(:,1)=m60(:,:,i)*(K¥vo(:,i)*d~2/el ...
-vo(:,1i).*(ml*vo(:,1i))/d1xd~2/el ...
-(uo(:,i)) .*(vo(:,i)-voo(:,i))/d*d~2/el ...
+voo(:,1)-mi*x(Po(:,1))/d1xd~2/el);

for i=2:m8-1
m14=2%1d-m2/d1~2%d~2-m60(:,:,i-1)+Kxd~2*Id/el;
m60(:,:,i)=inv(mid);
z2(:,1)=m60(:,:,i)*(K*vo(:,i)*d~2/el ...
-mi*(Po(:,1i))/d1*d"~2/el1+z2(:,i-1)

-vo(:,1) .*x(ml*vo(:,i))/d1*xd~2/el ...
-(uo(:,i)) .*(vo(:,i)-vo(:,i-1))/d*d~2/el);
end;
v(:,m8,1)=inv(Id-m60(:,:,m8-1))*z2(:,m8-1) ;
for i=1:m8-1
v(:,m8-1,1)=m60(:,:,m8-i)*v(:,m8-i+1)+z2(:,m8-1);
end;

hvo=v(:,:,1);

Wi(:,1)=(u(:,1,1)-uoo(:,1))/d;

for i=2:m8
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hfor j=1:m9-2
Wi1(j,1)=(u(j,i,1)-ulj,i-1,1))/d;
Wi(:,)=(u(:,i,1)-u(:,i-1,1))/d;
%end;

end;

for i=1:m8

%for j=1:m9-2
w2(:,1)=mixv(:,i,1)/d1;
W2(j,1)=(v(i+1,1)-v(j,1))/d1;
%end ;

end;

W3=W1+W2;

k10

S=0;

for i=1:m8

for j=1:m9-1

S=S+W3(j,1) ~2*d*d1;

end;

end;

k10

S1=sqrt(S);

for i=1:m8

for j=1:m9-1
W5(j+(i-1)*(m9-1),1)=W3(j,1);
end;

end;
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The objective of this section is complete.

5.3. Results for the Time-Dependent Case

For the time-dependent case, we set
v=00055, T=1,  16;=055  DB=035 P =0125  in0,1] x [0, T].

Moreover, we define
mig = 300, At = dz = —

and
tk:kAt:kdze[O,T], Vk=1,...,my.

We also set an initial solution (1§, v;;) corresponding to a solution of the time-independent case with v =
0.55. For the graph of this initial solution ujj, see Figure 7. For the solutions of the velocity field u = u(x,y, t)
corresponding to the time levels uyo(x,y), u100(x,y), t150(x, ), u2s0(x, y), and uz99(x, y), see Figures 8, 9, 10,
11, and 12, respectively.

Figure 8. Solution for the velocity field 120 (x, y) in the time-dependent case for v = 0.0055.
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Figure 9. Solution for the velocity field u1gg(x, y) in the time-dependent case for v = 0.0055.

Figure 12. Solution for the velocity field u299(x,y) in the time-dependent case for v = 0.0055.
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We now present the MATLAB implementation through which these numerical results were obtained.
The main program for the time-independent case, which is also used to obtain the initial solution for the
time-dependent case, is entitled LinesNavierStokesJanuray2026B and is given below.

clear all

global ub vb P5
m8=800;

%m8=1200;

%m8=1600;

m9=120;

d=1/m8;

d1=1/m9;

%e1=0.03;

el1=0.55;

e2=1.0;

%K=50;

K=120;
Id=eye(m9-1);
m2=zeros (m9-1,m9-1) ;
for i=2:m9-2
m2(i,i)=-2.0;
m2(i,i+1)=1.0;
m2(i,i-1)=1.0;

end;

m2(1,1)=-2.0;
m2(1,2)=1;
m2(m9-1,m9-1)=-2.0;
m2(m9-1,m9-2)=1.0;
m22=zeros (m9-1,m9-1) ;

for i=2:m9-2
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m22(i,i)=-2.0;

m22(i,i+1)=1.0;

m22(i,i-1)=1.0;

end;

m22(1,1)=-1.0;

m22(1,2)=1;

m22(m9-1,m9-1)=-1.0;

m22(m9-1,m9-2)=1.0;

ml=zeros(m9-1,m9-1);

for i=2:m9-2

mi(i,i)=-1;

ml(i,i+1)=1;

end;
mi(1,1)=-1;
mi(1,2)=1;

ml(m9-1,m9-1)=-1;

mla=zeros(m9-1,m9-1);

for i=2:m9-1

mla(i,i)=1;

mla(i,i-1)=-1;

end;

mia(l,1)=1;

ml=(mil+mla)/2;

for i=1:m8

uo(:,i)=0.3*ones(m9-1,1);

vo(:,1)=0.1*ones(m9-1,1);
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Po(:,1)=0.3*%ones(m9-1,1);

ul(:,i)=0.3*ones(m9-1,1);

end;

uoo(:,1)=.55%ones(m9-1,1);

voo(:,1)=0.0*ones(m9-1,1);

Poo(:,1)=0.35%ones(m9-1,1);

for k3=1:1

%el=elx.92;

b21=1;

ki1=1;

while (b21>10~(-4)) && (k1<12)

k1

ki=k1+1;

k=1;

b12=1;

while (b12>10"(-4)) && (k<535)

m12=2%1d-m2/d1~2*d"2+K*xd~2*Id/el;
m50(:,:,i)=inv(mi2);
z1(:,1)=m50(:,:,i)*(K¥uo(:,i)*d"2/el ...
-vo(:,1i) .*ml*x(uo(:,i))/d1*d~2/el ...
+uoo(:,1)-(Po(:,i)-Poo(:,1))/d*d~2/el ...
—uo(:,1i) .*x(uo(:,i)-uoo(:,1i))/d*d~2/el);
for i=2:m8-1

m12=2%1d-m2/d1~2%d~2-m50(:,:,i-1)+Kxd~2/el1*Id;

m50(:,:,i)=inv(m12);
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z1(:,1)=m50(:,:,i)*(K*uo(:,i)*d~2/el ...
-vo(:,1) .*m1*x(uo(:,i))/d1*d~2/el ...
-(Po(:,i)-Po(:,i-1))/d*d~2/el ...
—uo(:,i).*x(uo(:,i)-uo(:,i-1))/d*d"~2/el ...
+z1(:,i-1));

end;
u(:,m8,1)=inv(Id-m50(:,:,m8-1))*z1(:,m8-1);
for i=1:m8-1
u(:,m8-1,1)=m50(:,:,m8-1i)*u(:,m8-i+1,1)+z1(:,m8-1i);
end;

b12=max (max (abs(u-uo)));

uo=u;

uo(m9/2,m8/2)

end;

k=1;

bl14=1;

while (b14>10~(-4)) && (k<535)

k=k+1;

i=1;

m12=2%Id-m2/d1~2*%d"2+K*d~2/el1xId;
m60(:,:,i)=inv(mi2);
z2(:,1)=m60(:,:,i)*(K¥vo(:,i)*d"2/el ...
-vo(:,1i).*mi*x(vo(:,1i))/d1xd~2/el ...
-(uo(:,1)) .*(vo(:,i)-voo(:,1i))/d*d"2/el ...
+voo(:,1)-mi*x(Po(:,1))/d1xd~2/el);

for i=2:m8-1
m12=2%1d-m2/d1~2%d~2-m60(:,:,i-1)+Kxd~2xId/el;

m60(:,:,i)=inv(mi2);

z2(:,1)=m60(:,:,i)*(K*vo(:,i)*d~2/el ...
-vo(:,1i).*mi*(vo(:,1i))/d1*d~2/el ...
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-mi*(Po(:,1i))/d1*d"~2/el1+z2(:,i-1)
-(uo(:,1)) .*(vo(:,i)-vo(:,i-1))/d*d~2/el);

end;

v(:,m8,1)=inv(Id-m60(:,:,m8-1))*z2(:,m8-1) ;

for i=1:m8-1

v(:,m8-1,1)=m60(:,:,m8-i)*v(:,m8-i+1)+z2(:,m8-1);

end;

b1l4=max (max (abs(v-vo)));

VoO=V;

vo(m9/2,m8/2)

end;

b18=1;

k=1;

while (b18>10~(-4)) && (k<535)

k=k+1;

i=1;
m12=2%I1d-m22/d1~2%d"2+K*Id*d~2;
dluo(:,1)=(uo(:,i)-uoo(:,1))/d;
d2uo(:,1)=mi*uo(:,i)/d1;
divo(:,1)=(vo(:,i)-voo(:,1))/d;
d2vo(:,1)=mi*vo(:,i)/d1;
m80(:,:,i)=inv(mi12);
z3(:,1)=m80(:,:,i)*(K*Po(:,i)*d~2+Poo(:,1)
+dluo(:,1).*dluo(:,1)*d"2 ...
+d2vo(:,1).*%d2vo(:,1)*d~2 ...
+2*d2uo(:,1) .*d1vo(:,1)*d"2);

for i=2:m8-1

m12=2%1d-m22/d1~2*d~2+K*Id*d~2-m80(:,:,i-1);
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dluo(:,1)=(uo(:,i)-uo(:,i-1))/d;
d2uo(:,1)=mi*uo(:,i)/d1;
divo(:,1)=(vo(:,i)-vo(:,i-1))/d;
d2vo(:,1)=mi*vo(:,i)/d1;
m80(:,:,i)=inv(mi2);
z3(:,1)=m80(:,:,i)*(K¥Po(:,i)*d"~2 ...
+dluo(:,1) .*dluo(:,1)*d~2 ...
+d2vo(:,1).*d2vo(:,1)*d"2 ...

+2%xd2uo(:,1) .*d1lvo(:,1)*d"2+z3(:,1i-1));

end;
%P(:,m8)=inv(Id-m80(:,:,m8-1))*z3(:,m8-1);

P(:,m8,1)=0.125%0ones(m9-1,1);
%P(:,m8)=0.08*ones(m9-1,1);

for i=1:m8-1

P(:,m8-1,1)=m80(:,:,m8-i)*P(:,m8-1+1,1)+z3(:,m8-1);

end;

b18=max (max(abs(P(:,:,1)-Po)));

Po=P(:,:,1);

Po(m9/2,m8/2)

end;

b21=max (max (abs (uo-ul)));

ul=uo;

end;

% C1(1,1)=b12;C1(2,1)=b14;C1(3,1)=b18;

end;

ub=uo;

vb=vo;

P5=Po;

for i=1:m8
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x1(i,1)=1ix*d;
end;
for i=1:m9-1
x2(i,1)=i*d1;
end;

mesh(x1,x2,u(:,:,1))

The main program for the time-dependent case is entitled LinesNavierStokesJanuary2026TD1 and is
given below.

global ub vb P5
m8=800;
%m8=1200;
%m8=1600;

m9=120;
%m10=200;

m10=300;
%d2=0.5/m10;

d2=1/m10;
d=1/m8;
di1=1/m9;
%e1=0.0005;
%e1=0.00020;
e1=0.0055;

e2=1.0;

e3=0.03;
%K=0;

K=180;

Id=eye(m9-1) ;
m2=zeros (m9-1,m9-1) ;
for i=2:m9-2
m2(i,i)=-2.0;

m2(i,i+1)=1.0;
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m2(i,i-1)=1.0;

end;

m2(1,1)=-2.0;

m2(1,2)=1;

m2(m9-1,m9-1)=-2.0;

m2(m9-1,m9-2)=1.0;

m22=zeros (m9-1,m9-1) ;

for i=2:m9-2

m22(i,i)=-2.0;

m22(i,i+1)=1.0;

m22(i,i-1)=1.0;

end;

m22(1,1)=-1.0;

m22(1,2)=1;

m22 (m9-1,m9-1)=-1.0;

m22 (m9-1,m9-2)=1.0;

mi=zeros(m9-1,m9-1);

for i=2:m9-2

mi(i,i)=-1;

mi(i,i+1)=1;

end;
mi(1,1)=-1;
mi(1,2)=1;

mil(m9-1,m9-1)=-1;

mla=zeros(m9-1,m9-1);

for i=2:m9-1
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mla(i,i)=1;

mia(i,i-1)=-1;

end;

mla(l,1)=1;

ml=(ml+mla)/2;

for i=1:m8

uo(:,i)=ub(:,1i);

vo(:,1)=vb(:,1i);

Po(:,1)=P5(:,1);

ul(:,i)=0.3*ones(m9-1,1);

end;

for i=1:m8

u(:,1,1)=ub(:,1);

v(:,1,1)=v6(:,1);

P(:,i,1)=P5(:,1);

ul(:,1)=0.3*ones(m9-1,1);

end;

uoo(:,1)=.55%ones(m9-1,1);

voo(:,1)=0.0*ones(m9-1,1);

Poo(:,1)=0.35%ones(m9-1,1);

%b12=1;

%bld=1;
%b18=1;
%k=1;

%C1(1,1)=b12;C1(2,1)=b14;C1(3,1)=b18;

for k3=1:1
%el=elx.92;

for j=2:m10-1

b21=1;
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ki1=1;

%while (b21>10~(-4)) & (k1<8)
while (b21>107(-4)) && (k1<32)
ki

ki1=k1+1;

k=1;

b12=1;

while (b12>10(-4)) && (k<535)

k=k+1;

i=1;
%v1(:,i)=-(1-e3)*(uo(:,i+1)-2*uo(:,i)+uoco(:,1)+m2*uo(:,1i)/d1"2*d"2);
m12=2xId-m2/d1~2xd"2+Id/d2/el*d"2;

m50(:,:,i)=inv(m12);
z1(:,1)=m50(:,:,i)*(uoo(:,1)+u(:,i,j-1)/d2xd~2/el ...

-(vo(:,1)) .*ml*uo(:,i)/d1*xd~2/el ...

-((uo(:,i)-uoo(:,1))) .*uo(:,1i)/d*d"2/el ...

-(Po(:,i)-Poo(:,1))/d*d~2/el);

for i=2:m8-1
% vi(:,i)=-(1-e3)*(uo(:,i+1)-2*%uo(:,i)+uo(:,i-1)+m2*uo(:,1i)/d1~2*d"2);

m12=2*%I1d-m2/d1"~2*d"2-m50(:,:,i-1)+Id/d2*d"2/el;
m50(:,:,i)=inv(m12);
z1(:,1)=mb0(:,:,i)*(u(:,i,j-1)/d2xd~2/el ...
-(vo(:,1)) .*x(ml*uo(:,1i))/d1*d"~2/el ...
-((uo(:,i)-uo(:,i-1))) .*uo(:,i)/d*d~2/el ...
-(Po(:,i)-Po(:,i-1))/d*d~2/el+z1(:,i-1));

end;
u(:,m8,j)=inv(Id-mb0(:,:,m8-1))*z1(:,m8-1);

for i=1:m8-1

u(:,m8-1,3)=mb0(:,:,m8-i)*u(:,m8-i+1,j)+z1(:,m8-1);
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end;

b12=max (max (abs(u(:,:,j)-uo0)));
wo=u(:,:,j);

uo(m9/2,m8/2)

end;

k=1;

bl4=1;

while (b14>10"(-4)) && (k<535)

k=k+1;

i=1;
%v2(:,i)=-(1-e3)*(vo(:,i+1)-2*vo(:,i)+voo(:,1)+m2*vo(:,1i)/d1"2*d"2);
m12=2%Id-m2/d1~2*d~2+Id/d2*d~2/el;

m60(:,:,i)=inv(mi2);

z2(:,1)=m60(:,:,i)*(voo(:,1)

-(vo(:,1)) .*ml*vo(:,i)/d1*xd~2/el ...

-(uo(:,i)) .*(vo(:,i)-voo(:,i))/d*d~2/el ...
+v(:,1i,j-1)/d2/e1*d~2-m1*(Po(:,1))/d1*d"2/el);

for i=2:m8-1

% v2(:,i)=-(1-e3)*(vo(:,i+1)-2xvo(:,i)+vo(:,i-1)+m2*vo(:,1)/d1~2*d"2);
m12=2%1d-m2/d1~2*d"2-m60(:,:,i-1)+Id/d2*d"2/el;

m60(:,:,i)=inv(mi2);

z2(:,1)=m60(:,:,1)*(+v(:,1,j-1)/d2/el*xd"2 ...

-(vo(:,1)) .*ml*vo(:,i)/d1*d~2/el ...

-(uo(:,i)) .*(vo(:,i)-vo(:,i-1))/d*d"~2/el ...
-m1*(Po(:,1))/d1*d~2/el);

end;

v(:,m8,j)=inv(Id-m60(:,:,m8-1))*z2(:,m8-1);

for i=1:m8-1
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v(:,m8-1,3)=m60(:,:,m8-i)*v(:,m8-i+1,j)+z2(:,m8-1);
end;

bl4=max (max (abs(v(:,:,j)-vo)));

vo=v(:,:,j);

vo(m9/2,m8/2)

end;

b18=1;

k=1;

while (b18>10~(-4)) && (k<535)

m12=2*x1d-m22/d1~2*d~2+K*Id*d~2;
dluo(:,1)=(uo(:,i)-uoo(:,1))/d;
d2uo(:,1)=mi*uo(:,i)/d1;
divo(:,1)=(vo(:,i)-voo(:,1))/d;
d2vo(:,1)=mi*vo(:,i)/d1;
m80(:,:,i)=inv(mi2);
2z3(:,1)=m80(:,:,i)*(K¥Po(:,i)*d~2+Poo(:,1)
+dluo(:,1).*d1luo(:,1)*d"2 ...
+d2vo(:,1).*%d2vo(:,1)*d~2 ...

+2%d2uo (:,1) .*d1vo(:,1)*d"2);

for i=2:m8-1
mi12=2%1d-m22/d1~2*d~2+K*Id*d~2-m80(:,:,i-1);
diuo(:,1)=(uo(:,i)-uo(:,i-1))/d;
d2uo(:,1)=mi*uo(:,i)/d1;

divo(:,1)=(vo(:,i)-vo(:,i-1))/d;

d2vo(:,1)=mi*vo(:,i)/d1;
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m80(:,:,i)=inv(mi2);
z3(:,1)=m80(:,:,i)*(K¥Po(:,i)*d"~2 ...
+dluo(:,1).*d1luo(:,1)*d"2 ...
+d2vo(:,1).*d2vo(:,1)*d"2 ...
+2%d2uo(:,1) .*xd1vo(:,1)*d~2+z3(:,i-1));

end;
%P(:,m8,j)=inv(Id-m80(:,:,m8-1))*z3(:,m8-1);

P(:,m8,j)=0.125%0ones(m9-1,1);
%P (:,m8)=0.08%ones(m9-1,1);

for i=1:m8-1
P(:,m8-1,3)=m80(:,:,m8-1i)*P(:,m8-i+1,j)+=z3(:,m8-1);
end;

b18=max (max (abs(P(:,:,j)-Po)));

Po=P(:,:,j);

Po(m9/2,m8/2)
end;

b21=max (max (abs (uo-ul)));
ul=uo;

end;
%C1(1,1)=b12;C1(2,1)=b14;C1(3,1)=b18;
end;

end;

for i=1:m8

x1(i,1)=ix%d;

end;

for i=1:m9-1
x2(i,1)=1i*d1;

end;

mesh(x1,x2,u(:,:,20))

The objective of this section is complete.
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6. Conclusion

In this article, we have presented a numerical procedure for solving a large class of partial differential
equations, specifically for a non-circular simply connected domain in a Cartesian-coordinate context. Although
we have applied the method to a Navier-Stokes type equation, we emphasize that this method may be
extended to a large class of other linear and nonlinear partial differential equations. In future research, we
intend to address several other linear and nonlinear cases.
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