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Abstract: Consider a near-ring () with a semigroup ideal % and a Jordan ideal .Z". We analyze the structural
properties of prime near-rings through a nonzero derivation A : 3 — Q by imposing suitable conditions
to specific subsets. The primary objective is to establish results that lead to significant structural constraints
and ensuring the existence of a nonzero derivation, induces commutativity of (3. Our results extend prior
findings in the literature by providing new insights into the structural properties of near-rings. Additionally,
we include an illustrative example to validate our theoretical claims.
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1. Introduction

Q_ near-ring is an algebraic system equipped with two operations: addition “ 4 7, which forms a group,

“u o

and an associative multiplication , adhering to a single distributive law. Specifically, a structure

(Q), +, ) is a right near-ring if it satisfies (n1 + ny) - n3 = ny - n3 + ny - ng for all ny, ny, nz € O, or a left near-ring
if ny - (np 4+ n3) = ny - np + nq - n3. Arightnear-ring is zero-symmetric if n; -0 = 0 forall n; € Q, with0-n; =0
following from the right distributive property. Throughout the paper, () represents a zero-symmetric right
near-ring. The multiplicative center of Q) is defined as 2°(Q)) = {ny € Q | nyny = nyny foralln, € Q}. For
arbitrary elements 11,1, € ), the symbols (11 o ny) = nyny + nyny and [ny, np] = nyny — nyng represent the
classical Jordan and Lie product, respectively. A near-ring Q) is prime if n1Qny = {0} implies n; = 0 or ny = 0.
A non-void subset 4 is called a semigroup ideal of () that is both a left semigroup ideal (0% C %) and a right
semigroup ideal () C #). An additive subgroup % of a near-ring () is defined as a Jordan ideal of () that
is both a right Jordan ideal (k; o n7 € %) and a left Jordan ideal (n; o ky € %) forallky € Z; ny € Q.

Derivations are mappings that preserve algebraic structures through specific product rules. In the
framework of near-rings, Bell and Mason [1] characterized a derivation as an additive map A : QO — Q
satisfying A(nyny) = A(ny)np + n1A(ny), while an analogous formulation was later investigated by Wang [2],
by expressing the same condition in a reversed order as A(niny) = nyA(np) + A(nq)ny for all ny, ny € Q.

Numerous results have been explored for prime, semiprime rings and near-rings with specific constraints
on such mappings [3-10]. Bergen et al. [11] established a classical result that if a 2- torsion-free prime ring
Z that possesses a nonzero derivation A with a nonzero Lie ideal .# and satisfies A(.¥) C Z(Z), then
& C Z(Z). For instance, it follows from [12] that a prime near-ring () endowed with a nonzero derivation
A : Q) — Q satisfying the identity A([n1,n,]) = [A(ny), np] for all ny, ny € O, is commutative. Subsequently,
Boua et al. [6] proved that a 2-torsion-free prime near-ring () containing a nonzero Lie ideal .Z and admits
a generalized derivation % associated with a derivation d satisfying any of the subsequent conditions: (i)
9([1'1,1”11]) = (11 o Tll), (11) y(l] o 1’11) = [il,nl], (111) 9([1'1,1’11]) + (11 o 1’11) € g(Q) foralli; € Z,n1 € Q, then
(Q), +) is abelian.

Drawing from these advancements, we want to pursue this line of investigation and our results pertaining
to the conditions imposed on specific subsets providing a natural extension of prior findings derived from
analogous assumptions on the entire near-ring.

Open ]. Math. Sci. 2026, 10, 1079-1092; d0i:10.30538 / oms2026.0334 https:/ /pisrt.org/psr-press/journals/oms


https://pisrt.org/psr-press/journals/oms/
https://pisrt.org/psr-press
https://pisrt.org/psr-press/journals/oms

Open J. Math. Sci. 2026, 10, 1079-1092 1080

This manuscript is organized as follows: §2 provides key preliminary results. §3 presents our main
theorems on commutativity in near-rings and provides example in support of this discussion. §4 discusses
potential directions for future research.

2. Preliminaries

The subsequent lemmas are essential for proving our main findings. Note that the proofs of Lemmas 1,
4 and 5 can be found in [13], [14] and [2] respectively, in the context of left near-ring. Similar results can be
obtained for right near-ring.

Lemma 1. [13, Lemma 1.3 & Lemma 1.4] Consider a prime near-ring Q3, endowed with a nonzero semigroup ideal 2.

(i) If n1,ny € Q satisfy n1Bn, = {0}, it follows that either ny = 0 or ny = 0.
(ii) Forany ny € Q, if either 11 % = {0} or Bny = {0}, then necessarily ny = 0.

Lemma 2. [12, Lemma 2] Consider a near-ring Q) that possesses a derivation A : QO — Q). Then, the subsequent
identities are valid:

(1) m (A(T’Zz)n3 + 1’12/\(1’13)) = nlA(le)Tlg + 1111’12/\(1’13),‘ YV ny,ny,n3 € Q.
(ii) n1(n2A(n3) + A(na)ns) = ninaA(n3) +niA(n)ns; Vg, nyng € Q.

Lemma 3. [15, Lemma 1 & Lemma 3] Consider a prime near-ring Q, endowed with a nonzero Jordan ideal % .

(1) If # C Z(Q)) and Q) satisfies 2-torsion-free condition, then Q) is necessarily a commutative ring.
(i) For any element ny € Q), if #'ny = {0}, then necessarily n; = 0.

Lemma 4. [7, Corollary 3] Consider a prime near-ring () with no nonzero elements of order 2, containing a nonzero
Jordan ideal J¢. If Q) has a derivation A that satisfies A(#") = {0}, then A = 0 or & is commutative under
multiplication of Q).

Lemma 5. [14, Lemma 1.8] Consider a prime near-ring Q) with no nonzero elements of order 2, containing a nonzero
semigroup ideal 2. If Q) has a derivation A that is not identically trivial, then A>(%) # {0}.

Lemma 6. [2, Lemma 2] Consider a prime near-ring Q) that possesses a derivation A : (3 — (). Then the derivation
preserves centrality, i.e., for any central element ny € 2 (Q)), the element A(ny) also lies in Z(Q)).

Lemma 7. [1, Theorem 2] Consider a prime near-ring Q) with no nonzero elements of order 2. If ) has a derivation A
that is not identically trivial and satisfies A(Q)) C 2 (Q)), then Q) is necessarily a commutative ring.

3. Commutativity criteria for prime near-rings under derivation acting on Jordan ideal and
semigroup ideal

This section focuses on the study of derivations of a right near-ring () under certain algebraic identities
on two distinguished subsets as Jordan ideal .#" and semigroup ideal % of (). By restricting the assumptions
to these subsets instead of the whole near-ring, we establish structural behavior of near-ring (). These findings
demonstrate the significance of restricting the identities to Jordan ideal and semigroup ideal and highlight the
role of the underlying hypotheses. Indeed, we establish the following results.

Theorem 1. Consider a prime near-ring () with no nonzero elements of order 2, containing a nonzero semigroup ideal
9B and a nonzero Jordan ideal . If Q) has a derivation A that is not identically trivial and satisfies A([k1, p1]) =
[A(ky), p1] forall py € B; ki € A, then () is necessarily a commutative ring.

Proof. By the given condition,

A(ky, p1]) = [Alk1), p1l, Yp1€ B ke x. 1)
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Since 4 is a semigroup ideal of (), so for each p; € # and k; € & C (), we have p1k; € #. Therefore,
substitute p; with p1k; in (1) to obtain

A([k1, pr])k + [k1, pr]A(ky) = [A(ky), prkal.

Applying (1), we see that
[A(k), prlky + [ka, pr]A(ky) = [A(ky), prkal.
Expanding by using right-distributivity,
A(ky)piky — prA(ki)ky + kipiA(ky) — pikiAlkr) = Alkr) prka — pikaA(ky).

This simplifies to,
kipiA(kr) = prA(ki)ky, Vpr€ % ke X, 2)

Replacing p; with n1p; in (2) and invoking (2), it gives
k11’l1p1/\(k1) = nlplA(kl)kl = n1k1p1A(k1), Y p1 € B, k1 S L%/; n € Q0.

This implies that
k1, m]p1A(ky) =0, Vki€x; pr€ B n e

ie.,
k1, m]BA(k1) = {0}, Vki €25 n €Q.

Lemma 1(i), yielding
ki € QF(Q) or A(kl) =0, Vk e.x. 3)

If for some kg € % the second alternative holds, A(kg) = 0. Substitute ki with kg in (1), we get A(kop1) =
A(p1rko) for all p; € 2, this reduces to

koA(p1) = A(p1)ko, V p1 € B. 4)
Putting g1 A(p1) for py in this expression, leading to
koA(@1A(p1)) = Al@A(pr))ko, ¥ p1g1 € 2.
Applying the derivation property to find
ko(A(q1)A(p1) + ;A% (pr)) = (A(q)A(p1) + 1A% (p1) ko, Y pri € 2.

Owing to Lemma 2 and using (4), we derive
koqiA(p1) = ;1A% (p1)ko, Y prq1 € B )
Replace g1 with 154 in (5) and using (5) again, giving
konaq1A*(p1) = noqi A% (p1)ko = nokoqi A*(p1),  V prq1 € B; ny € Q.

This yields
[ko,nz]qlAz(pl) =0, i p1,q1 € B; ny € Q.

Appealing to standard Lemma 1(i) with Lemma 5, we confirm that kg € 2(Q). Therefore, (3) implies
ki € 2(Q) forall k; € #. Hence, # C 2(Q)) and by virtue of Lemma 3, ) is necessarily commutative. [J

As a consequence of Theorem 1, we obtain the following corollaries by specializing the subsets involved.
Specifically, Corollary 1 is obtained by taking % = (), while Corollary 2 follows by taking 4 = (Y and 2" = (),
since every near-ring is both a semigroup ideal and a Jordan ideal of itself.
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Corollary 1. Consider a prime near-ring Q) with no nonzero elements of order 2, containing a nonzero Jordan ideal ¢ .
If Q) has a derivation A that is not identically trivial and satisfies A([k1,n1]) = [A(ky),n1] forallky € &5 np € Q,
then Q) is necessarily a commutative ring.

Corollary 2. [12, Theorem 1] Consider a prime near-ring Q) with no nonzero elements of order 2. If () has a derivation
A that is not identically trivial and satisfies A([ny,n2]) = [A(n1),no] for all ny,ny € Q, then Q) is necessarily a
commutative ring.

Theorem 2. Consider a prime near-ring () with no nonzero elements of order 2, containing a nonzero semigroup ideal
B and a nonzero Jordan ideal ¢ . If Q) has a derivation A that is not identically trivial and satisfies A([p1,k1]) = 0 for
all py € %; ki € ', then Q) is necessarily a commutative ring.

Proof. Suppose that
A([p1,k1]) =0, Vpr€ B kex. (6)

Replacing p; with p1k; in (6) and invoking the derivation property, we get
A(lpr Dk + [p1 kalA(k) =0, Vpr€ % k€ .

This implies
plkll\(kl) = klplA(kl), i p1 € P, k1 e x.

Substitute p; with 111 p; in last relation and apply it again, we deduce
k1, m]p1A(k) =0, Vp1€%B kiex;neQ.

Thus,
k1, m|BA(k1) = {0}, Vki €25 n €Q.

Utilizing Lemma 1(i), giving
ki€ 2(Q) or Alk;) =0, Vkex. (7)

If the first alternative k; € 2°(Q)) occurs, then Lemma 6 yields that A(k;) € 2(Q). On the other hand, if
A(ky) = 0forall k; € 7, then centrality is trivial. Therefore, we have

Ak) e Z2(Q), Ykex. (8)
Returning to Eq. (6) and expand, we obtain
Alpr)ki =kiA(pr), Vpre#.
Replace p; with p1A(g1) in this expression, we derive
(A(pD)A(01) + A% () = ki (A(pD)A(91) + 1A% (41)), ¥ p11 € 2.
By applying Lemma 2 with A(pq)k; = ki A(pq) for all p; € %, simplifies to
p1A*(q1)ky = kipr A% (q1), Y prg1 € 8. ©9)
Next, substitute nyp; for p; in (9) and apply (9) again, resulting in
k1, m2]p1A%(q1) =0, Y p1,q1 € B; ny € Q.

Employing Lemma 1(i) with Lemma 5, we find k; € 2(Q) for all k; € J#. Hence, # C Z(Q). Thus,
one can conclude the desired result through Lemma 3(i). [

The following corollaries are immediate consequences of Theorem 2 by taking # = Q) and Z" = Q.
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Corollary 3. [15, Theorem 3] Consider a prime near-ring Q) with no nonzero elements of order 2, containing a nonzero
Jordan ideal ¢ . If Q) has a derivation A that is not identically trivial and satisfies A([ky,n1]) = 0 forallky € %5 ny €
Q), then ) is necessarily a commutative ring.

Corollary 4. Consider a prime near-ring Q) with no nonzero elements of order 2. If () has a derivation A that is not
identically trivial and satisfies A([n1,na]) = 0 for all ny, ny € Q, then Q) is necessarily a commutative ring.

The commutativity criteria established above does not extend to the Jordan product (p; o k7). In fact, we
obtain the following nonexistence theorems.

Theorem 3. Consider a prime near-ring () with no nonzero elements of order 2, containing a nonzero semigroup ideal
2 and a nonzero Jordan ideal ¢ . Then Q) does not admit a derivation A that is not identically trivial and satisfies
A(Pl) Okl = (Pl Okl)fOl’ all P1 c %; k1 e x.

Proof. Assume that
A(p1) oky = (p1ok1), Vp1€XB k€. (10)

Substitute p1 with p1k; in (10) to obtain
A(piki)ki + ki A(piki) = (p1oki)ky, Vp1 € % ki€ 2.
Applying the derivation property with (10), this gives
Alpy)kiky + piA(k)ky + ki (prA(ky) + Alpy)kn) = (A(p1) © k.
Using Lemma 2(ii), leading
A(p1)kiky + pr/A(k)ky + kipiAkr) + ki A(p)ky = A(pr)kiky + ki A(pr)ka,
simplifies to
pil(k1)ki +kipiA(ky) =0, Ypr € B k€.
This implies that
pil(k)ky = —kipiA(ky), Vpr € B ke x.
Replace p; with n1p; in last equation and utilize it again, yielding

nip1A(k1)ky = —kinipiA(ky)
= (—kl)nlplA(kl), Y p1 € B, k1 c X ni € Q,

while the left hand side can be expressed as

nip1A(k)ky = ny(=kip1A(kr))
= Tll((—kl)pll\(kl)), \4 p1 € %,‘ k1 S %,’ n € Q.

Combining these expressions, we arrive at
(—kl)nlpll\(kl) = nl((—kl)pll\(kl)), A p1 € B, ki € ;5 nq € Q.
This implies that

[711, —kl]plA(kl) =0, \4 p1 € %,‘ k1 S %/,' ny € Q.
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Taking —k; for kp in this relation as %" is an additive subgroup, we have
[n1, k1] BA(—k1) = {0}, Vkie€X;n Q.
Owing to Lemma 1(i) with the additivity of A, we find
ki€ Z2(Q) or A(k) =0, Vkex. (11)

If for some kg € ¢ the second alternative occurs, A(kg) = 0. Then A(np okg) = 0 forall n, € Q). On
simplifying, we get A(ny) o kg = 0 for all n, € Q. Particularly, for n, € 4, (10) yielding n, o kg = 0. This can
rewrite as, npkg = —kony for all n, € . Next, replace np with n3n; in this relation, we deduce that

nznzko = n3(—kony)

= n3((—ko)n2)
= (—ko)nzny, Vny € B; nz € Q.

This implies that [(—ko), n3]ny = 0 for all np; € %; n3 € Q. In view of Lemma 1(ii), we acquire that
—ko € Z(Q), so kg € Z(Q). Therefore, (11) gives k € Z(Q) for all k € #. Hence, # C Z(Q) and Q is
commutative by standard Lemma 3(i). Returning to (10) and apply given condition of 2-torsion-freeness, this
becomes

A(pl)kl = plkl/ v p1 € B; k€ x. (12)
Substitute p1 by nyp1 in (12) and expand, resulting in

A(ng)prky +ngA(pr)ky = nypiky.

Applying (12), simplifies to A(ny)p1k; = O0forall py € B; ky € ; ng € Q, ie., A(ng) Pk, = {0} for all
ki € J&; ng € Q. Appealing to Lemma 1(i) with the assumption %~ # {0}, we get A(ng) = 0 for all ny € Q.
Hence, A=0. O

As a consequence of Theorem 3, we have the following Corollaries:

Corollary 5. [15, Theorem 5] Consider a prime near-ring () with no nonzero elements of order 2, containing a nonzero
Jordan ideal % . Then Q) does not admit a derivation A that is not identically trivial and satisfies A(n1) oky = (nq 0kq)
forallky € J&; n1 € Q.

Corollary 6. [12, Theorem 4] Consider a prime near-ring Q) with no nonzero elements of order 2. Then () does not
admit a derivation A that is not identically trivial and satisfies A(n1) o np = (n1 o np) for all ny, ny € Q.

Theorem 4. Consider a prime near-ring Q) with no nonzero elements of order 2, containing a nonzero semigroup ideal
2 and a nonzero Jordan ideal #". Then () does not admit a derivation A that is not identically trivial and satisfies
[A(p1), k1] = (p1oky) forall p1 € B; ki € K.

Proof. By the assertion
[A(p1), k1] = (p1ok1), Vpre Bk ex. (13)

Substituting p1k; for p; in (13) and, expand to get
A(p1)kiky + pra(k)ky — kiprAkn) — ki A(py )k = A(pr)kiks — ki A(pr)ka,
reduces to,

ik )k = kipiA(k), Vp1 € B k€ .
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Taking n1p; for pp in this relation and apply it again, yields
[k1,n1) BN (k1) = {0}, Vki€X;n €Q.
In light of Lemma 1(i), we conclude
ki€ 2(Q) or A(ky) =0, Ykyex.

Suppose the first alternative kg € 2°(Q) occurs for some kg € #. Next, replace ki with kg in (13), we
get py okg = 0 for all p; € %, which implies that 2p1kg = 0 for all p; € 4. By 2-torsion-freeness, we arrive
at p1tko = 0 for all p; € %, ie.,, ko = {0}. By applying Lemma 1(ii), leading to ky = 0, contradicting the
assumption. Therefore, the second alternative holds, i.e.,

A(k;) =0, Yk €X. (14)

Thus, Eq. (14) implies A(nyoky) = 0 for all k; € J#; ny € Q. Utilizing the derivation property, we
deduce

0 = A(nzky) + A(kinz)
= A(ﬂz)k] + le/\(kl) + A(kl)ny_ + k]/\(n;z), Vki€X;neq,

leading to
A(ﬂ2)k1 +k1A(ﬂ2) =0, Vki€x;ne.

This can rewrite as
A(}’lz)kl = —klA(le), Vkie€x,; nyeQ. (15)

Substitute 1, with A(#;) in (15) to obtain
A%(np)ky = —k1A%(np), Vki €45 npeQ. (16)
Returning to Eq. (13), we can rewrite as
A(pr)ki —kiA(p1) = (p1ok), VYpr€%B kiex.
Applying (15) in this expression, as (15) holds for each element in (), giving

(p1ok1) = A(p1)ks — k1 A(p1)
= (—k1 —kl)/\(pl), \ p1 € B, k1€ x.

Since ¥ is an additive subgroup, thus a short of computation leads to
(kl +k1)A(p1):(p10(—k1)), Vpl € % k1 e x.
Next, Applying A both sides and using derivation property, resulting in

A(p1o(—k1)) = Alky + K1) A(p1) + (ki + ki) A% (p1)
= A(k1)A(p1) + Alk) A(pr) + kA% (p1) + k1A% (pr).

Since —k; € # as J¢ is an additive subgroup and p; € # C Q, thus p; o (—k1) € J#. Applying (14) in
the last relation, we arrive at

2k1A2(p1) =0, V p1 € B, ki € X
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By 2-torsion-freeness, leading
kA% (p1) =0, Vp1€ B k€.
Invoking Lemma 3(ii), we deduce Az(pl) = 0 for all p; € #. Replace p; with p;p; in this relation, giving

0= A*(p1p2)
= A(A(p1)p2 + p1A(p2))
= A(A(p1)p2) + Alp1A(p2))
= A2 (p1)p2 + A(p1) A(p2) + Alp1) A(p2) + p1A*(p2), Y prp2 € 2.

This simplifies to 2A(p1)A(p2) = 0 for all p1, pa € A. By 2-torsion-freeness, we see that A(p1)A(p2) =0
for all p;,po € Z. Substitute pp with pops in last expression and applying Lemma 2(i), we see that
A(p1)PBA(ps) = {0} for all p1,p3 € A. This gives either A(p1) = 0 or A(p3) = 0 for all p1,p3 € £
by Lemma 1(i). Therefore, A(#) = {0}, i.e.,, A(ps) = O for all py € A. Putting pynsz for ps, we have
A(pa)nz + pa/A(n3) = 0, which leads to psA(n3) = 0 for all py € £, n3 € Q. Using Lemma 1(ii), we conclude
A(nz) =0forallnz € Q,ie, A=0. O

As a consequence of Theorem 4, we obtain the following corollaries: Specifically, Corollary 7 is obtained
by taking # = (), while Corollary 8 follows by taking # = (Y and Z" = Q).

Corollary 7. Consider a prime near-ring () with no nonzero elements of order 2, containing a nonzero Jordan ideal
K. Then Q) does not admit a derivation A that is not identically trivial and satisfies [A(nq), k1] = (nq o kq) for all
ki€ ¢; np € Q.

Corollary 8. Consider a prime near-ring Q) with no nonzero elements of order 2. Then Q) does not admit a derivation A
that is not identically trivial and satisfies [A(nq), ny] = (nq o ny) for all ny,ny € Q.

Theorem 5. Consider a prime near-ring () with no nonzero elements of order 2, containing a nonzero semigroup ideal
9B and a nonzero Jordan ideal % . If Q) has a derivation A that is not identically trivial and satisfies [A(p1), k1] = 0 for
all p1 € B; ki € &, then Q) is necessarily a commutative ring.

Proof. By assumption
[A(p1). k] =0, Vp1 €%k €X. 17)
Replacing p; with p1A(g1) and expand the commutator, leading
Ap1A(q1))kr = kiA(piA(qr)), YV pL g1 € B k€ 7.
Applying the derivation property,
(A(p)A (@) + prA @)k = ki(A(p1)Algr) + A (1)), Y piq € B ki € X
Appealing to Lemma 2(i) with (17), simplifies to
P12 (q1)k = kipi A2 (1), Y pi,q1 € B ki € K.
Substitute p; with 11 p; in this relation to obtain

n1p1A*(q1)ki = kinipr A% (q1)
= n1k1p1A2(q1), Vpl,ql S @, k1 S Ji/; ny € 0.
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This yields
k1, m]p1A* (1) =0, VpL,qu€B, ki€ X;meq,
which means that
[k1,n1)BA*(q1) = {0}, Vg1 € B, ki €H;n €Q.

Application of Lemma 1(i) confirms that either k; € 2(Q) forallk; € # or A%(q;) = Oforall g; € 4. But
the second alternative gives a contradiction to Lemma 5 as A%(g;) # 0 for all g; € 2. Therefore, k; € 2°(Q)
for all k; € 7. This assures that % C Z°(Q)). Thus, Lemma 3 gives the desired conclusion. [

Taking # = () and %" = () in Theorem 5, we get the following corollary:

Corollary 9. [13, Theorem 2.1] Consider a prime near-ring () with no nonzero elements of order 2. If () has
a derivation A that is not identically trivial and satisfies A(Q)) C Z(Q), then Q) is necessarily a commutative
ring.

Theorem 6. Consider a prime near-ring () with no nonzero elements of order 2, containing a nonzero semigroup ideal %
and a nonzero Jordan ideal ¢ . If Q) has a derivation A that is not identically trivial and satisfies [A(p1), k1] = [p1, k1]
forall py € B; k1 € A, then A(&) C Z(Q).

Proof. Assume that
[A(p1), k1] = [pr. k1], Vp1€ B ke . (18)
Substitute p; with p1k; in (18) and using (18), giving
A(piki)ky — ki A(piky) = [A(p1), kilks.
Employing the derivation property with Lemma 2,
A(p1)kiky + p1A(ki )k — kiprA(kr) — ki A(pr)ke = Apr)kaky — kiA(pr)ka,
leads to,
p1A(k1)ky = kipiAlky), VY p1 € B k€ X
Putting 111 p; for p; in this expression to find
[k1,n1]BA (k1) = {0}, Vk €;n Q.

By applying Lemma 1(i), we confirm that either k; € 2°(Q) or A(k1) = Oforall ky € JZ. If the first case occurs,
ki € Z(Q) for all ky € #, then Lemma 6 assures that A(ky) € Z(Q) for all k; € %, while for the second
alternative, centrality is trivial. Hence, we have A(ky) € 2°(Q) forallky € 7, ie, A(F) C Z(Q). O

Taking # = () in Theorem 6, we get the following corollary:

Corollary 10. Consider a prime near-ring ) with no nonzero elements of order 2, containing a nonzero Jordan ideal % .
If O) has a derivation A that is not identically trivial and satisfies [A(n1), k1] = [n1, k1] forallky € 2 ny € Q, then
AH) CZ2(Q).

As an application of Theorem 6, we can obtain the following result by assuming % = (Y and JZ = Q).

Proposition 1. Consider a prime near-ring () with no nonzero elements of order 2. If (3 has a derivation A that is not
identically trivial and satisfies [A(ny), ny] = [n1, na] for all ny, ny € Q, then Q) is necessarily a commutative ring.
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Proof. Using the similar techniques as in Theorem 6, we can find A(Q)) C Z(Q)). An application of Lemma 7,
gives the required result. [

Theorem 7. Consider a prime near-ring () with no nonzero elements of order 2, containing a nonzero semigroup ideal
2 and a nonzero Jordan ideal . Then Q) does not admit a derivation A that is not identically trivial and satisfies
A(p1) oky = [p1,kq] forall p1 € B; ky € K.

Proof. By the given assertion
A(p1)oki=[pr k1], Vpr€ % ke x. (19)

Substitute p; with p1k; in (19), we get

A(piki) oky = [p1,kilki, VYp1€ B ke x.
Expanding this expression and, applying (19) to find

A(pik)kr + kiA(pikr) = (A(p1) oki)ki, V1 € % k€ X
Utilizing the derivation property, we deduce
A(p1)kikr + piA(k)ky + ki (piA(k) + A(pr)kn) = A(p)kiks + kiA(pa )k

Appealing to Lemma 2(ii), simplifies to,

pif(k)ky = —kipiAlky), V1 € B k€ . (20)
Replace p; with n1pp in (20), giving

np1A(ky)ky = —kinyprA(ky)
= (=ki)mpiA(k1), Vp1 €% ki€ x;nmeQ.

Consequently, the left hand side can be written as

nyp1A(ky)ky = ny(=kip1A(kr))
= Tll((—kl)plA(kl)), A4 p1 € B; k] € X, n € Q.

Comparing these expressions to get
m((=k1)p1A(kr)) = (=k1)mpiA(kr), Yy € B k€ x; np € Q.
This implies that
[n1, —ki]p1A(k1) =0, Vp1 €% k€45 n €Q.
Putting —k; for k; in this relation as ¢ is an additive subgroup, we get
[n1, k1) BN(—k1) = {0}, Vki€#; n e
Appealing to Lemma 1(i) with the additivity of A, resulting in

ki€ Z2(Q) or A(k)) =0, Vk €%, 1)
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Assume that the second alternative occurs, A(kyg) = 0 for some kg € #. Then A(ny okg) = 0 for all
ny € Q. By additivity of A, we infer that A(nzkg) + A(kony) = 0 for all ny € Q). Developing the last relation,
we obtain

A(na)ko +n2A (ko) + Alko)na +koA(n2) =0,

which gives A(nz)ko + koA(nz) = 0 for all n, € Q. Hence, A(nz) o kg = 0 for all n; € Q. Particularly, for
ny € A, (19) yielding [n, ko] = 0, which can rewrite as nykg = kony. Replacing n, with nzn; in this expression
and using it again, we get [ko,n3]ny = 0 for all n, € %, nz € Q. Applying Lemma 1(ii), we acquire that
ko € Z(Q). Thus, (21) yields that ky € 2(Q) for all ky € #. Therefore, we have .#° C 2(Q)) and Q is
commutative in light of Lemma 3(i). Returning to (19) and apply given condition of 2-torsion-freeness, giving

A(Pl)kl =0, V p1 € B, ki € A (22)
Substitute p1 by ngpq (22), resulting in
A(i’l4)p1k1 + 1’14A(}71)k1 =0, V p1 € B, k1€ H; ng € Q.

Using (22), it reduces to A(ng)p1k; = 0 for all p; € B; ky € #; ny € Q. Owing to Lemma 1(i) with the
assumption % # {0}, we get A(ny) = Oforallny € Q,ie, A=0. O

Taking # = () and % = () in Theorem 7, we have the following corollary:

Corollary 11. Consider a prime near-ring Q) with no nonzero elements of order 2. Then () does not admit a derivation
A that is not identically trivial and satisfies A(n1) o np = [ny1,nz] for all ny,ny € Q.

Theorem 8. Consider a prime near-ring () with no nonzero elements of order 2, containing a nonzero semigroup ideal %
and a nonzero Jordan ideal . If Q) has a derivation A that satisfies A([p1,k1])) = p1 o A(ky) forall p1 € B; ki € K,
then A = 0 or elements of ¢ commute under multiplication of Q).

Proof. By the given condition,

A(lp1, k1)) = proAlkr), Vp1 €% ke x. (23)

Substitute p; with p1k; in (23) to obtain
[p1, k1]A(k1) + A([p1, k1))k1 = prkio A(ky), Vp1 € B k€ H.

Applying (23) and expand, simplifies to

kipiA(k) = piA(k )k, Vipr € B; k€ . (24)
Next, replace p; with n1p; in (24) and using (24), leading

[k1,n1)BA (k1) = {0}, Vki€X;n €Q.

Lemma 1(i), yielding
ki € D@F(Q) or A(kl) =0, Vkex. (25)

If the second alternative holds, A(kg) = 0 for some kg € . Substitute k1 with kg in (23), we observe that
A(kop1) = A(p1ko) for all p; € A, this reduces to

koA(pl) = A(pl)ko, Y p1 € A. (26)
Putting g1A(p1) for py in (26), resulting in

ko(q1A%(p1) + Alq1)A(p1)) = (A% (p1) + A(q)A(pr))ko,  V prq1 € B.
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Appealing to Lemma 2 with (26), we derive
koqiA*(p1) = 1A% (p1)ko, Y prq1 € B. (27)
Substitute g; with 124 in (27) and using (27) again, giving
[ko, na]q1 A% (p1) =0, ¥ p1,q1 € B; np € Q.

In light of standard Lemma 1(i) with Lemma 5, we confirm that kg € 2(Q). Therefore, (25) implies
ki € Z2(Q) forallky € %, ie, # C Z(Q) and Lemma 3 ensures that () is necessarily commutative. Thus,
(23) follows that

0=p1oA(k)
= p1A(ky) + Ak1)p1
= PlA(kl) + PlA(kl)/ \4 p1 € B; k€ A,

which implies that 2p1 A (k1) = Oforall p; € B; ki € # . Inview of 2-torsion-free condition, we get p1 A(ky) =
Oforall py € & ki € #. Applying Lemma 1, we get A(ky) = 0 for all k; € ¢, i.e., A(#) = {0}. Hence,
Lemma 4 yields that A = 0 or %" is commutative. [J

As a consequence of Theorem 8, we find the following corollary by taking # = () and 7" = Q.

Corollary 12. Consider a prime near-ring () with no nonzero elements of order 2. Then () does not admit a derivation
A that is not identically trivial and satisfies A([n1, np)) = ny o A(ny) for all ny,ny € Q.

Example 1. Consider a zero-symmetric, non-abelian, 2-torsion-free right near-ring .# and let

0 np np
Q= 0 0 mnj 0,nq,ny,n3 € .M
0O 0 O

Then () is a zero-symmetric, non-abelian, 2-torsion-free right near-ring with respect to matrix addition

0 ny O 0 0 ny
and matrix multiplication, but () is not prime sinceforx = |0 0 O|andy= |0 0 0 |, xQy = {0}
0 0 O 0 0 0
although x # 0, y # 0. Define subsets
00 P1 0 0 k]
B = 0 0 p 0,p1,pp€ M p; K = 0 0 O 0,k € A
00 0 00 O
with the map A : ) — Q as
0 ny np 0 ny np
A0 O n3|=10 0 O
0 0 O 0 0 0
Then, for all
0 ny np 00 k1 0 0 P1
n=|0 0 n|e€eXk=]00 0|ecXx;,p=]|0 0 p2|€B
0 0 O 00 O 0 0 0
we see that

(i) kon=kn+nk = Osx3 € H; nok =nk+kn = Oszx3 € X
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0 0 nip2
(i) np=10 0 O € #;, pn = 03x3 € AB.
00 O
0 0 mnj 0 n} nh
(i) A(nn') = A(n)n’ +nA(n') =10 0 0 |foralln,n’ € Q,wheren' =10 0 n}
00 O 0 0 O

It is verified that Z is a Jordan ideal and 4 is a semigroup ideal of near-ring (). Our verification confirms
that A behaves as a non-trivial derivation satisfies

@) A(lki, p1]) = [Alk1), p1]; (D) A([p1, k1)) = 0; (i) A(p1) oki = (p1oki);
(iv) [A(p1) k1] =0; (v) [A(p1) k1] = (p1oki); (Vi) [A(p1), k1] = [p1, k1l;
(vii) A(p1) oki = [p1,ka]; (viil) A([p1, k1)) = p1o Alky) forall py € %; ky € A

but () is non-commutative, indicating the essentiality of primeness.

4. Conclusions

In this paper, we establish conditions ensuring structural result concentrating more localized conditions
imposed on specific subsets in the theory of derivations. More precisely, we analyze the action of a non-trivial
derivation preserving certain commutators between the elements of semigroup ideal % and Jordan ideal
. Our results demonstrate that several commutativity conclusions remain valid when the underlying
assumptions are imposed only on these nonzero subsets, rather than on the entire near-ring. This provides
further insight into the role of derivations in the structure theory of prime near-rings under localized
hypotheses.

Finally, we conclude our work by posing two crucial questions: (i) One pertinent direction is to explore
whether analogous conclusions can be derived by substituting derivation with generalized derivation or
generalized semiderivation or multiplicative generalized semiderivation. (ii) A significant interest is to
examine the validity of our principal findings persists when the underlying structure extend to semiprime
near-rings.
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