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Abstract: This paper introduces the Zg transformation for the first time as a constructive framework for
generating and solving differential equations. Its core idea is to construct a new solvable equation from two
known solvable equations through a predefined transformation between the dependent and independent
variables. This framework unifies two classic techniques-coordinate transformation and substitution of
the dependent variable-into a single, systematic procedure. Furthermore, by iterating this construction
process and combining it with the principle of common solutions proposed in this paper, an infinite
number of solvable equations can be generated. Using this framework, we have obtained, for the first
time, general solutions for a variety of differential equations, including general solutions for the Laplace
equation in cylindrical and spherical coordinates, as well as general solutions for several classes of linear
and nonlinear second-order partial differential equations with varying coefficients, among others. We
also solved two boundary value problems exactly, demonstrating the practicality of this framework. The
Zg transformation, together with the Z4 method we previously proposed, provides two complementary
approaches for systematically expanding the range of solvable differential equations, offering powerful tools
for both theoretical analysis and practical applications.
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1. Introduction

S ince their inception, differential equations have remained a key area of mathematical research, as they
possess not only significant theoretical value but also immense practical value [1-6].

In the early stages of research in this field, mathematicians generally sought exact analytical solutions.
However, as they encountered a bottleneck, qualitative theory and numerical analysis gradually became
the mainstream [7-9]. Nevertheless, the almost perfect properties of analytical solutions-especially general
solutions-shine as brightly as stars. Although the path was once fraught with difficulties, we have published
a series of papers since 2022, bringing renewed attention to research on general solutions [10-16].

In a previous paper, we proposed the Z4 method for solving differential equations [15]. This method
demonstrates that any solvable equation can serve as a source equation; not only does it have an infinite
number of corresponding sub-equations, but these equations are all theoretically solvable. Numerous
examples demonstrate that the Z4 method can solve not only ordinary differential equations but also partial
differential equations; not only linear equations but also nonlinear equations; and general or analytical
solutions for a wide range of equations have been obtained for the first time.

In the research methods for ordinary differential equations, transformations of the dependent variable are
frequently used. In the study of partial differential equations, transformations of the independent variables
are frequently employed. Through comprehensive and in-depth research, we have discovered that these two
methods can be integrated into a new approach-the Z¢ transformation. Its effectiveness is comparable to that
of the Z4 method; not only can it effectively solve many types of partial differential equations and ordinary
differential equations, but it can also generate an infinite number of solvable equations.
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In §2, we will introduce the Z4 transformation for partial differential equations and its two corollaries. In
§3, we will use them to solve some typical partial differential equations and demonstrate their effectiveness.
§4 introduces the Z4 transformation for ordinary differential equations and its applications. In §5, we present
the principle of common solutions and its preliminary applications, and in §6, we summarize this paper.

2. Zg transformations of partial differential equations

First, we introduce the Z4 transformation of partial differential equations.

Zg transformations. In the domain D, (D C R"), if the solution v = v (yj,...y,) of a PDE
G(yl,... yn,v,vyl,...vyn,vylyz,...) = 0 is known, set x; are independent and y; are independent
too, (i=12,...n), x; = x(y1,Y2,---Yn),¥i = Yyi(x1,x2...x, ), which are known, and v =

0 (x1,...%0) = h (X1, Xp, U, Uy, .. Uy, Uz x,, - - ), then the solution of G (y1,...Yn, 0, Vy,, ... Uy Oyryns - -) =
F(X1,...Xn, U, Uxy, ... Uy,, Ux x,y, - - ) = 0is the solution of I1 (x1, ... Xp, U, Uy, .. U, Uxyxg, .- -) = 0 (X1, .. Xp).
If the Z4 transformation is used to solve partial differential equations, the equation we need to solve is

F (X1, X0, U, Uy, .. Uy, Uxyxys---) = 0. (1)

Since x; = x; (y1,Y2,---Yn) and y; = y; (x1, X2 ... x,) are known, using the given transformation

(X1, Xn) = H(X, 0 X, Uy Uy, e Uy, Uy - - ) - )

Eq. (1) can be transformed into a known solvable equation G (yl, e Yn U, Uy, Uy, Oy e ) = 0,
namely

G (Y1, Yns 0,0y, Oy Oyryar - --) = F (X1, X, Uty o Uy Uy ) = 0. 3)

Using (2), if u(x1,...xy) can be solved, that solution is also the solution to Eq. (1).
To construct a new solvable equation using the Z4 transformation, two known solvable source equations
are required

G Y1 Yn 00y, Uy Vs ---) =0, 4)
B(X1, . X, Uy Uy, e Uy Uy - - 2) =0 (X1, X0), (5)

where Eq. (4) is explicitly solvable and is referred to as the first source equation, while Eq. (5)
is a non-homogeneous equation and is referred to as the second source equation. Through appropriate
transformations, a new solvable equation is derived, which is Eq. (1)

F(x1, . Xn, U Uy oo Uy, Uy xy, oo .) = 0.

Moreover, the solution to Eq. (5) is the solution to the Eq. (1).

Any explicitly solvable equation can serve as the first source equation, and any solvable
non-homogeneous equation can serve as the second source equation. If Eq. (1) is explicitly solvable or a
non-homogeneous equation, it can be used as a new source equation to derive new solvable equations.

There are two special cases of the Z4 transformation, namely Corollaries 1 and 2.

Corollary 1. In the domain D, (D C R"), (n > 2), if x; are independent and y; are

independent too, (i = 1,2,...n) by x; = x;(yny2,---Yn),¥i = VYi(x1,x2...x,), which are
known, a mth-order PDE G(yl,... yn,u,uyl,...uyn,uylyz,...) = 0 is converted into another
mth-order  PDE F (X1,...Xp, U, Uxy,.. . Ux,, Uxxp,---) = 0, and the solution u = u(yi,...yn) of

G (yl,. e Yn Uy Uy, e Uy, Uy, - ) = 0 is known, then the solution of F (x1,...Xp, U, Ux,, ... Ux,, Uy xy,-..) = 05
u=uyy,...yn) =u(x,...%).

Using x; = x; (Y1,...Yn) and y; = y; (x1,...xn), F (X1, ... X, U, Uy, . . . Ux,, Ux,x,, - - .) = O could be converted
into G (yl,...yn,u, uyl,...uyn,uylyz,...) = 0. Because the solution u = u(y,...yn) of G = 0 is known, by y; =
yi(x1,...x0),u = g(y1,...Yn) may be varied into u = u(x1,...xy), and it is the solution of F = 0.

Corollary 2. In the domain D, (D C R"), if the solution v = ©v(xy,...x,) of a PDE

G (X1,...Xn, 0, Uy, Vxyy Usyxgs---) = 0 is known, set v = h(x1,...Xu, U, Uy, ... Ux,, Uy xy,-..), then the
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solution of F (X1,...Xp, U, Uy, ... Ux,, Uxxy,--.) = G(X1,...X0,0,0x),...Vx,, Vxyxp,--.) = 0 is the solution of
Bo(x1, .o X, by, oo Uy, Uy xyy o) =0 (X1, Xn)

3. Applications of the Z; transformation in partial differential equations

Many mathematical physics equations under non-Cartesian coordinate system have been investigated
deeply [17-22]. If a solution to a partial differential equation has already been obtained in one coordinate
system, Corollary 1 can be used to directly obtain its solution in any coordinate system. Such as the Laplace
equation uyy + Uyy + Uzz = 0 in spherical coordinates and cylindrical coordinates are written as

r2or \' or r2sin6 96 a0 2sin20 092

1& ( Bu) 10%u d%u

o) Ttz =0

In cylindrical coordinates,
x = rcosf,y = rsind,z = z. 6)

In spherical coordinates,
x = rsinfcos@,y = rsindsing,z = rcoso. (7)

The basic general solution of Laplace equation in the Cartesian coordinate system is [10]

u=f (X\/—k% —k%+k1y+k22+k3> +f2 (—X\/—ki —k%+k4y+k5z+k6> + kyx + kgy + koz + k19. (8)

We need to interpret (8) in the complex plane; to obtain real solutions, choose appropriate complex
constants so that the overall result is real. Based on Corollary 1, we can directly obtain the general solutions of
the Laplace equation in cylindrical and spherical coordinates, namely Theorems 1 and 2.

Theorem 1. In R3,

18( 8u> 10%u d*u

corUar ) T T2 =00 >0) ©)

The basic general solution of Eq. (9) is

u(r,6,z) = fi <rcos()\ [ —k3 — k3 + kyrsind + koz + k3>
+ fr (—rcosé)\ / —kﬁ — k% + kyqrsin€ + ksz + k6> + kyrcost + kgrsinf + koz + kqg, (10)

where f1 and f, are arbitrary second differentiable functions, k1 — kyg are arbitrary constants.

Theorem 2. In R3,

10 [ ,0u 1 o9 (. ,ou 1 d%u .
1’72§ (7’ 81’)+725m989 <Sm089)+r25mzea¢2_0’ (1’>0, smG#O). (11)

The basic general solution of Eq. (11) is
u(r,0,¢) =fH <rsin6cosq)1 [ —k2 — k3 + kyrsinfsing + korcos6 + k3)

+ £ <—rsin9cosq)\ | —k3 — k2 + kyrsinfsing + ksrcos6 + k6>

+ kyrsinfcosg + ksrsinfsing + korcost + ki, (12)

where f1 and f, are arbitrary second differentiable functions, k1 — kyg are arbitrary constants.
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Next, we use Corollary 2 to prove Theorems 3 and 4.

Theorem 3. In R3, the general solution of

Unx + Uxy + Uz + b (%,y,2) (ux +uy+uz) =c(x,y,2), (13)
§ Jo(p.qr)d
v(p,q,r)dr
u= ,q) + —m——F—, 14
AU U ey (14)
and
v(x,y,z) = e Jb(xyz)dx [(p(y,z) + /c(x,y,z) e blxyz)dx gyl (15)

where b(x,y,z) and c(x,y, z) are arbitrary known functions, ¢(p,q) and ¢(y, z) are arbitrary functions. p,q, and r are
mutually independent variables satisfying

p = —(c12+c13) x + oy + c132,

g = —(cn +c23) x + oy + 3z,
r = 31X + C32y + €332,

opar) g

d(x,y,2)
c31 + ¢3p + ¢33 # 0.

Proof. The general solution of
vx+b(x,y,z)v=c(xyz), (16)
is

U(x,y,z) = e_fb(x,y,z) dx |:§0(y,Z) + /C<x,ylz)efb(x,y,z) dx gy |

where ¢(y, z) is an arbitrary function [23]. By Corollary 2, set

Uy +uy +u; = v(x,y,z). 17)

The general solution of (17) is [11]

/v(p,q,r) dr
u= 7 + - T
9(p.4) €31 + €32 + C33

where

p = —(c12 +c13)x + c12y + €132,
g = —(c2 + c23)x + cooy + 232,
r = 31X + C32Y + €332,
a 7 7
(Pa7) g

o(x,y,2)
c31 + ¢33 + ¢33 # 0.

[(C22C33 - C23€32)P - (612033 - C13C32)l7 + (012623 - 013622)7} ’

—

((c22 + c23)c33 + ca3c31) p — ((c12 + c13) €33 + C13¢31) g + (12023 — C13622)7} ,
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z= % { — ((c22 + c23)c32 + c20031) p + ((c12 4 €13)c32 + 12631 ) g + (C12023 — 013622)7’} ,
where
A = — (c12 4 c13) (20633 — C23¢32) — 12| — (€22 4 2333 — 23631 ] + 13| — (C22 + 2330 — 20631 ] # 0.
Then

Uy = Uxyx + Uxy + Uxz.

Uy +b(X,Y,2)0 = Uy + Uyy + Uz + b(x,y,2) (tx + 1y +1uz) = c(x,Y,2). (18)

By Corollary 2, the general solution to (13) is

/v(p,q,r) dr

u= ,q) + F——,
¢(p.4) €31 +C32 +C33

where

v(x,y,z) = o~ Jb(xyz)dx {4’(%2) + /c(x,y,z)efb(x'y'z) dx gy |
So the theorem is proved. O

Theorem 4. In R?, the general solution of

Uyy + Uy + ez + A(x,Y,2) (uy +uy +uz)" =0 (19)
is
(5.4) /v(p, q,r)dr 20
= ,q) + ——,

“=lpa €31 +C32 +C33 (20)

and

=

oy = |(1=n) (o0,2) - [AGrw )| e1)

where A(x,y,z) is an arbitrary known function, while ¢(p,q) and ¢(y, z) are arbitrary functions. The variables p, q,
and v are mutually independent and satisfy

p = —(c12 + c13)x + c1oy + c132,
g = —(coo 4 c23)x + ooy + 232,
r = 31X + C32y + €332,
a 7 7
(Par) 0

a(x,y,z)
c31 +c3 +c33 # 0.

Proof. By Corollary 2, set
v(X,Y,2) = Uy + iy + Us. (22)

The general solution of (22) is [11]

/v(p, q,r)dr

u= 7 + - T
¢(p.0) €31 + €32 + €33

where

p = —(c12 +c13)x + c1oy + c132,
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g = —(co2 4 €23)x + ooy + 232,
r = 31X + C32Y + 332,
a(p/q/r> # 0

a(x,y,2)
c31 + ¢33 + ¢33 # 0.

We get
1 -
x =5 (c22€33 — €23¢32)p — (c12€33 — €13€32)q + (C12023 — 613622)7} ,
1 -
y=x ((c22 4 c23)c33 + c23c31) p — ((c12 + c13) €33 + c13631) g + (12023 — C13C22)7} ,
1 -
2=\~ ((c22 + c23)c30 4 c20c31) p 4 ((c12 4 c13) €32 + C12631) G + (C12623 — 013622)7} ,
where
A = —(c12 4 c13) (20633 — C23¢32) — 12| — (€22 4 C23)C33 — 23631 ] + 13| — (C22 + €23) 30 — 20631 ] # 0.
Then
Uy = Uy + Uyy + Uyz.
Therefore,
Uy + A(X,Y,2)0" = Uy + Uyy + Uxz + A(x,y,2) (Uy + 1y +uz)" = 0. (23)
For
vy + A(x,y,2)0" =0, (24)

the general solution of (24) is [15]

v= [(111) (go(y,z) /A(x,y,z)dx)]lln.

By Corollary 2, the general solution to (20) is

/v(p, q,r)dr

u= 7 + - T
¢(p.4) €31 + €32 + €33

where )
je=r
v(x,y,z) = [(1 —n) (go(y,z) - /A(x,y,z) dx)] .
So the theorem is proved. [

Below, we use the Z¢ transformation to prove Theorems 5 and 6.

Theorem 5. In R?, the general solution of

Atlyx + (@ + b)uyy + buyy + A(x,y) (ux +uy) = B(x,y), (25)
is
/v(r,s)ds

=9+

, (26)
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and

olpq) = e S A [gq) + [ Byl Aen gy, @)

where a and b are random known constants, A(x,y) and B(x,y) are arbitrary known functions, and ¢(r) and ¢(q) are
arbitrary functions. The independent variables p,q and r,s, and the parameters c and d, satisfy

X =ap+cq, y="bp+dg,
ad — bc # 0,
r=x-—y, s =kx+1y,
k+1#0.
Proof. By Zg transformation, set
v (x,y) = tx + uy. (28)
The general solution of Eq. (28) is [11]
B Jo(rs)ds
u=P T
where
r=x-—y,s=kx+l1y,
and

s+ 1Ir s — kr

S I R
k+1#0.

According to Eq. (28), we get
Uy = Uxy + Uyy,

Uy = Uyy + Uyy.

Set
X =ap+cqy=bp+dg,
ad — bc # 0.
Then
_xd—yc  d(s+1Ir)—c(s—kr)
P=ad—bc ~ (k+1)(ad —bc) ~’
_ya—xb _a(s—kr)—b(s+1Ir)
1= ad—vc ~ (k+1) (ad — be)
For

vp +A(ap+cq,bp +dq)v=B(ap+cq,bp +dq), (29)
the general solution of Eq. (29) is [23]:

o(p,q) =e” J Alaptcq,bp+dq) dp {(P(Q) + / B(ap + cq,bp + dq)efA(ﬂerCq,prrdﬂi) dp dp] ) (30)

Namely
olp,0) = e LD [g(q) 4 [ Byl A9 gp).

Because
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we have

vp + A(ap +cq,bp +dq)v = auyy + auyy + buyy + buyy + A(ap + cq, bp + dq) (ux + uy)
= AUyxx + (a + b)uxy + bl/lyy + A(x,y)(ux + My)
= B(ap+cq,bp+dq) = B(x,y).

According to the Zg transformation, the general solution of (25) is

/ v(r,s)ds

u=o0)

7

where

v(p,q) =e /AN {qv(q) +/B(x,y) ef AP gp |

So the theorem is proved. [

Theorem 6. In R?, the general solution of

Atyyx + (@ + b)tyy + buyy + A(x,y) (ux +uy)" =0, (31)
is
/v(r,s)ds
=9+

and
1

1-n

op.a) = |- (9l0) - [atrnap)| ",

where a and b are random known constants, A(x,y) is an arbitrary known function, and ¢(r) and ¢(q) are arbitrary
functions. The independent variables p,q and r,s, and the parameters ¢ and d, satisfy

X =ap +cq, y="bp+dg,
r=x-—vy, s =kx+1y,
ad —bc # 0, k+1#0.
Proof. By Z4 transformation, set
v(X,y) = Uy + uy. (32)
The general solution of Eq. (32) is [11]
B Jo(r,s)ds
AU
where
r=x—-vy,s=kx+1y,
k+1+#0,
and

x_s—l—lr _ s—kr
Tk Tkt

According to Eq.(32), we get
Uy = Uxx + Uxy,

Uy = Uxy + Uyy.
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Set
x=ap+cqy=>bp+dg,
ad — bc # 0.
Then
_xd—yc d(s+1Ir)—c(s—kr)
P=ad—bc = (k+1)(ad—bc)
_ya—xb _a(s—kr)—b(s+1Ir)
1= ad—bc ~ (k+1) (ad — be)
For
vp+ A(p.g)v" =0, (33)
the general solution of Eq. (33) is [15]:
=
o= (-m (e~ [ataa))" N

Because of

Oy + A(p,q) V" = Qllxy + Aty + by + buxy, + A (p,q) (ux +uy)"
= ity + (@ +b) txy + buyy + A (x,y) (ux + uy)n

I
]

According to Zg transformation, the general solution of Eq. (32) is

B [ (r,s)ds
u = 4)(7') + ki—f—l,

where L
o) = (a=m (o0~ [anar)) "

So the theorem is proved. [

Using the general solution often provides an effective way to obtain the exact solution to definite solution

problems [10-16]. Below, we analyze two typical cases.

Example 1. Find the exact solution of uyy + 3uyy, + 2uy, + (x—y) (ux + uy)2 = 0 under the conditions

u(x,0) = x,u(x,x) = x.
Solution. According to Theorem 6, we have

a=1b=2Axy)=x—yn=2.

Set
c=1d=1k=21=1
Then
x=p+qy=2p+q,
r=x-—-y,s=2x+y.
And

r+s _s—Zr
T3 YT
p=y—xq9=2x—y,
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s+ 4r
p=-rg=-—5
Alpg)=x—y=(p+q —Q2p+q) =-p (35)
2 2 _ 2
/A(M)dp:/(—mdpz—%:—%:—(x zy), (36)

0= (— (fp(ﬂ/)—/A(P,q) dp))_l = (— <(p(2x—y)+(x_2y)2>>l = <—(p <4r;5> —rzz)l. (37)

So the general solution of uyy + 3y + 2y, + (x —y) (ux + uy)z =0is

u—zp(r)—kW—(p(x—y)—ké/(—(p (4r;5> —rzz)lds. (38)

When u(x,x) = x,r = 0,s = 3x, that is

u(0,s) = =
According to (38), we get
1 -1
1(0,5) :¢>(0)+§/ (¢ (3)) @ (39)
B f
ecause o i 0,s) 1(_ <§>)_1 N
is 3V %3)) T3
So ;
o (3) =1
Namely
p=-1 (40)
Then . 4t 2N 1 1 PN
wr) =043 [ (o (L25)-5) as=ot+3[(1-5)
That is )
s
u(r,s)=¢(r)+ 32-) (41)

When u(x,0) = x,7 = x,s = 2x, that is, when s = 2r,u = r, so

4 2r — 3¢
PO s =T =0 =5y

So
2r—3r+2s

“ns) = 37

Substituting r = x — y,s = 2x 4 y into Eq. (42), the exact solution to this definite solution problem is

(42)

2 (x—y)

iy (A2, 43)

u(x,y)

Example 2. Find the exact solution of
Uxyx + Uy + (x — y)Z(ux + uy) =(x— y)Z,

under the conditions
u(x,0) =9(x),  ulyy) =19y)



Open J. Math. Sci. 2026, 10, 1013-1029 1023

where ¢(x) and ¢(y) are arbitrary known functions satisfying ¢(0) = ¢(0).

Solution. By Theorem 5, we havea =1land b = 0. Setc =1,d =1,k =0,and [ = 1. Then

x=p+gq, y=4
p=x-Y q9=Y
r=x-—y, s =x.
Moreover,
Alx,y) = B(x,y) = (x—y)* = p*. (44)
Hence,
p’ 2
/Adp:/pdezg, e~ JAdy — o=1?/3
/BefAdp dp = /p2ep3/3 dp = o /3.
Therefore,
v(p,q) = e~ [ AWy [(P(q) +/B(x,y)e“("/”d” dp
= e P g(q) + e
= e "Pp(g) +1
= e 0 By (y) +1
= e_r3/3(p(s —r)+1
Thereupon,

/v(r,s) ds .
BT :./ [e_r3/3go(s—r)+1} ds
:efrs/?’/go(s—r)ds—ks
= e_r3/3g(s —1)+s
= e 0 3g(y) 4 x.
Thus, the general solution of
2

Uxy + Uxy + (x_]/)z(ux +uy) = (x—y) ’

is
u=f(x—y)+x+e gy, (45)

where f and g are any known functions. Then

Set C; = g(0). Then

whereupon
fle—y)=glx—y) —xty—Cre 7, (46)
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Also,
f0)=9(0) = Ci=9(y) —y—gy)

Hence,

§W)=v)—y—e0)+C,

8(0) = (0) — ¢(0) + C1 = Cy.
Therefore,

¥(0) = ¢(0). 47)

Consequently,

u(x,y) = f(x —y) +x+e V()
= [px—y) = (x—y) — Cre” ] x4 e GV [y(y) —y — (0) + C.

Thus, the exact solution to this definite solution problem is

—(v—1)3
u(x,y) = g(x —y) +y+e VB p(y) —y — p(0)]. (48)
4. The Z4 transformation in ordinary differential equations and its applications
The Z¢ transformation in ordinary differential equations is defined as follows.
Ze transformation. In the domain D, (D C R1), if the solution w = g(v) of an ODE
G (v,w, w,w, ... w(”)> = 0 is known, v = 9v(x), x = x(v) are known too, and set w =
h <x,y,y’,y”,. . .y(’")) , then the solution of F (x,y,y’,y”,...y(m+”)) =G (U, w, W, w”,...w(”)) = 0 is the

solution of h (x,y,y’,y”,. . .y(m)) =g (v).
If the Z4 transformation is used to solve ordinary differential equations, the equation we need to solve is

F (x,y,y’,y“,...y(m“)) =0, (49)
using w = h (x, vy, y, .. .y(’”)) and x = x(v), we can transform Eq. (49) into

G (v, w,w’, w”,...w(”)) =0. (50)

Since the solution w = g(v) of Eq. (50) is known, the solution y = y(x) obtained using w =
h (x, vy, y,.. .y(’")) = ¢(v) is the solution to Eq. (49).
To construct a new solvable equation using the Zg transformation, two known solvable source equations
are required
G (U,w,w’,w”,...w(”)) =0,

h(xyy v ™) =g (), (51)

where Eq. (50) is explicitly solvable and is referred to as the first source equation, while Eq. (51) is
a non-homogeneous equation and is referred to as the second source equation. Through an appropriate
transformation, a new solvable Eq. (49) is derived, and the solution to Eq. (51) is also the solution to Eq.
(49).

Below, we use Zg transformation to analyze a specific example.

Example 3. Given d‘% —w"=0w=y +¢P(x)y,v=¢(x),P(x) and ¢(x) are arbitrary known functions, and

¢’ (x) # 0, use Zg transformation to find the solution to the new equation they form.
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Solution. Whenn =1

dw , _
To " w=0w=y +yx)yo=ex)
Whereupon
dvo dw dx Y+ @)y +¢ (0)y
o _dv dx_ e (¢ () £0).
And d 7 / /
o= LIRSy 4y ) =0
=Y Y+ Dy -9 )y —¢ (D) (x)y =0
Namely
V+ @) -9 @]y + [ () -¢ (D9 (¥)]y=0 (52)
The general solution of
M w—0
dv ’
is
w = Ce’,

where C is a random known constant. Moreover,
w =y +p(x)y = Ce? = Ce?™),

The general solution of
v+ o)y = Ce?),
is

yx) = e ¥ ¢ [ erel vy i p). (53)

By Zg transformation, we know that (53) is also the general solution of Eq. (52), where C and D are both
arbitrary constants.

Whenn # 1
%’ " = w = [(1—n) (0+C) T,
dw _dw dx _y'+yQy+y )y _ .
do dx dov ¢’ (x) -
Namely
Y @Y + 9 (y = @' () [y + ()] (54)
Equation (54) is the new equation derived. Since
1
Y+ )y = [1=n)(e(x) +C)] T, (55)
the general solution of (54) is
y=e [¥xdx U [(1— ) (gp(x) + C)] 77 el ¥4 gy 4 DI . (56)

By the Zg transformation, we know that (56) is also the general solution of (54), where C and D are
arbitrary constants. For

[(1- ) (p(x) +C)] 77,

in the field of real numbers, we require the base to be positive and take the real-valued principal branch; in
the field of complex numbers, we take the principal argument branch. Readers may choose the appropriate
domain of interpretation based on the specific physical context.
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5. The principle of common solutions

In the Zg transformation of partial differential equations, we find that the new solvable Eq. (1) and the
second source Eq. (5) have the same solutions. In the Z¢ transformation of ordinary differential equations, we
find that the new solvable Eq. (49) and the second source Eq. (51) have the same solutions. Is it possible to
construct new equations with the same solution using known equations with the same solution? Below, we
address this question by introducing the principle of common solutions.

Principle of common solutions. In R”, if the equations F; = 0 have a common solution u = f (x1,x2,...xy),
(i=1,2,...m), and the equation G (F;, F, ... F,) = 0 satisfies G (0,0,...0) = 0, then u = f (x1,x2,...x,) is
also a solution to G (Fi, F, ... Fy) = 0.

In R"”, both homogeneous and nonhomogeneous equations can be transformed into the form F; = 0.
Since the new equation G (F, F,...F,) = 0 satisfies G (0,0,...0) = 0, if F; = 0, the common solution
is u = f(xq1,x2,...x,). Substituting this into G (F;,F,,...F,;) = 0 necessarily yields 0 = 0, therefore
u = f(x1,x2,...%,) is also a solution to G (Fy, K, ... Fy,) = 0.

The principle of common solutions applies not only to differential equations, but also to algebraic
equations, functional equations, and other fields.

From the proof of Theorem 3, we can see that the common solution of

Uy +uy +u; = 0(x,y,2),

and
Uyy + Uyy + Uyz +0(x,y,2) (Ux + 1y +uy) = c(x,y,2),
is
/v(p,q,r) dr
u= q)+ —,
9(p.4) €31 +C32 +C33
where

o(x,y,z) = e Jblxy2)dx {q)(y,z) + /c(x,y,z)efb("'y'z) x|
By the principle of common solutions, set
Fy = uy +uy +u; —v(x,y,z) = 0. (57)

and
Fy = thyy + thyy + tyz +b(x, ¥, 2) (U +uy + uz) —c(x,y,z) = 0. (58)

Thus, F, + Fl2 = 0. Therefore, a solution of
W + thy + tz + b(%,y,2) (ux + 1y + 1) — c(x,y,2) + [ux + 1y + 1z —0(x,y,2)]> =0, (59)

is given by (14).
From Example 3, we can see that the common solution of

Y+ p(x)y = Ce?,

and
]/// + [l[)(x) — (P’(x)]y/ + [ll)/(X) . (P/(x)lP(X)]y —0
is
y(x) = e*fllf(x)dx |:C/ego(x)ef¢(x)dx ix+D|.

By the principle of common solutions, set

Ry + gy — Ce) =0,
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and
B =y"+ [¢p(x) = ¢ (0)]y + [¢'(x) — ¢'(x)p(x)]y = 0.

Thus, F, — F; = 0. Therefore, a solution of

v+ [p(x) —¢'(x) = 1]y
+ [¢ (x) — ¢/ (N)p(x) — p(x)]y + Ce?™ =0,

is given by (53).
Since there are infinitely many specific forms of the equation

G(F,FR) =0,

that satisfy G(0,0) = 0, itis possible to construct an infinite number of solvable ordinary and partial differential
equations using Z¢ transformations and the principle of common solutions.

6. Discussion and conclusion

The Z¢ transformation proposed in this paper serves as a unified constructive framework for differential
equations. Unlike simple variable substitution, this framework establishes a systematic set of procedures: by
taking two known solvable equations as source equations and combining them with a transformation of the
independent variables, a new solvable equation can be constructed. This approach successfully unifies two
classic techniques-coordinate transformation and dependent variable substitution-into a single, self-consistent
methodology.

If a solution to a partial differential equation has already been obtained in one coordinate system,
Corollary 1 can be used to directly obtain its solution in any coordinate system. A thorough literature review
has revealed an interesting historical precedent. The idea of directly obtaining solutions to partial differential
equations in different coordinate systems through coordinate transformations-rather than solving them anew
in each new coordinate system-has been documented only sporadically throughout history. Forsyth (1898)
studied coordinate transformations that yield new solutions to the Laplace equation [24], while Jeffery (1917)
conducted a similar investigation of Whittaker’s solutions [25]. However, these works were limited to the
Laplace equation and involved only specific types of transformations. The key point is that they did not
develop a general systematic methodology applicable to other equations or broader classes of transformations.
To the best of our knowledge, there are no reports in the recent literature of this idea being developed into a
unified framework for solvable differential equations. Corollary 1 of the Z¢ transformation effectively resolves
this problem; thus, we have not only revived a long-neglected mathematical idea but also elevated it to a
rigorous and universally applicable methodology.

Regarding the general solutions to the Laplace equation in cylindrical and spherical coordinates obtained
in this paper, one question warrants attention: Can these general solutions be used to express all harmonic
functions in the respective coordinate systems? This is a highly challenging new problem, and it will also be
one of the key areas of our future research.

The most notable feature of the Z¢ transformation lies in its generative capability. In our previous
work, we proposed the Z, method, which demonstrates that any solvable equation can serve as a source
equation to generate an infinite number of sub-equations, and that the corresponding equations for all of these
sub-equations are theoretically solvable [15]. The Z4 transformation has similar capabilities but operates in a
complementary manner. The Z4 method generates new equations by applying mathematical operations, such
as differential operators, to a single source equation, whereas the Z4 transformation is achieved by combining
two known solvable equations-an explicitly solvable first source equation and a solvable non-homogeneous
second source equation-with a variable transformation. The resulting new equation inherits the solvability
of both. Based on the Z¢ transformation, we have also discovered the principle of common solutions for
equations, which can be used to directly discover an infinite number of new solvable ordinary and partial
differential equations.

The significance of this work lies in two aspects. Theoretically, the Z¢ transformation and the Z 4 method
together provide constructive proofs, demonstrating that the class of differential equations with explicit
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solutions is far more extensive than traditionally believed-in fact, an infinite number of solvable equations can
be systematically discovered. In practice, this framework provides applied mathematicians and physicists with
a flexible and powerful tool for generating closed-form solutions to newly encountered equations, which is
particularly valuable for model validation, asymptotic analysis, and benchmarking in numerical simulations.
We believe that the generative paradigm introduced in this paper-which focuses not only on solving given
equations but also on systematically constructing new solvable equations-opens up a promising new avenue
for revitalizing research in the theory of exact solutions.
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