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1. Introduction

T itchmarsh’s results [1, Theorems 84 and 85], giving a relationship between the smoothness of a
function and the integrability of its Fourier transform. More precisely, the second Titchmarsh theorem

characterizes the set of functions in L?(R) satisfying the Lipschitz condition by means of an asymptotic
estimate growth of the norm of its Fourier transform as follows. Let 0 < 7 < 1 and assume that f € L?(R).
Then the following are equivalents

O IfG+y)— F@lz = O) as y—0
(i) / A |f(A)?dA = O(s™21) as s — oo, where f stands for the Fourier transform of f.
. >s

There are many analogues of Titchmarsh’s theorem are also proved by Daher et al. for the Fourier
transform [2], by El Hamma et al. for the Fourier—Bessel transform [3], for the Fourier—Jacobi transform
[4-7]. Recently, Soltani and Aloui [8] established the analogue of Titchmarsh’s theorem for the Sturm-Liouville
transform

Related to Titchmarsh’s theorems, Boas [9] found necessary and sufficient conditions on the Fourier
coefficients of a function to belong to a Lipschitz class, which is one of the classical topics of harmonic analysis
and approximation theory. Méricz [10] studied the continuity and regularity properties of a function f with
an absolutely convergent Fourier series. Then, the same author [11] extended these results as follows. If
fe€LYR),and 0 < B <k, k € N, one has

/| | AFIF(A)|dA = O(skB) forall s >0,
Al<s

then f € L'(R) and f satisfies the smooth Lipschitz condition of order k.

The extension of classical Boas-type theorems to the framework of harmonic analysis constitutes a
significant contribution that will interest researchers working on integral transforms and differential operators,
such as the Bessel transform [12], the generalized Bessel transform [13,14], the g-Bessel Fourier transform [15,
16], the deformed Hankel transform [17,18], the Hartley—Bessel transforms [19], the second Hankel-Clifford
transform [20], the Dunkl transform [21,22], the Laguerre transform [23], the free metaplectic transform [24],
the linear canonical transform [25], and also the quaternion transform [26,27].
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Here, we denote by M = (zz Z) an arbitary matrix in SL(2,R) such that b > 0. We define the canonical

Sturm-Liouville operator #M on (0, ) by

d? A (x) .a d a? a Allx) .a
M. 2 _ ot (22 “ “
2 = dx2+<A(x) Zlbx> i (bzx +i-x p +1 ),

where A is a positive function satisfying certain conditions.

Note that if M = <_01 (1)> , the operator #M is reduced to the Sturm-Liouville operator .
& A
Toda? o A(x) dx’

The classical Sturm-Liouville operator . plays an important role in analysis [28,29]. In particular, the
two references [30,31] investigate standard constructions of harmonic analysis, such as translation operators,
convolution product, and Fourier transform, in connection with the operator ..

Using the Sturm-Liouville harmonic analysis [30,31], for all A € C, the system

M A? 2 idrz
& u:(bz+p>u, u(0) =€z, u'(0) =0,

admits a unique solution, denoted by gof{/I and given by
oY (x) =g, (x), x>0,

where ¢, (x) is the Sturm-Liouville kernel [8,32].
In this paper, we introduce the canonical Sturm-Liouville transform .#M:

FHHN) = [ ol @A A0

The canonical Sturm-Liouville transform .#M

transform % (see [8,32,33]):

can be regarded as a generalization of the Sturm-Liouville

FHW = [ g f@A@dx, A>o0.

0

The main objective of this work is to give two versions of Titchmarsh and Boas-type theorems for
the canonical Sturm-Liouville transform .#M. These versions are taken for f € L?(R,, A(x)dx) (resp.
f € LY(Ry, A(x)dx)) and for .7 (f) meets certain conditions of integrability. These results are proven by means
of the canonical Sturm-Liouville translation defined later in the §2. We conclude this work by providing an
application of Theorems 7 to the study of the generalized Bessel potential.

Titchmarsh and Boas-type results for the canonical Fourier-Bessel and Fourier-Jacobi transforms are
special cases of this work. However, we left the same problem as an open topic for other Fourier-type
transformations.

This paper is organized as follows. In §2, we recall some results about the Sturm-Liouville
transform % and the Sturm-Liouville translation T,. Next, we introduce the canonical Sturm-Liouville
operator .M, and we investigate the properties of the canonical Sturm-Liouville transform .#M and the
canonical Sturm-Liouville translation TéVI associated with this operator. In §3, we define the M-canonical
Sturm-Liouville Lipschitz classes, and we show a versions of Titchmarsh and Boas-type theorems for the
canonical Sturm-Liouville transform .ZM
potential. In the last section, we discuss the special cases of Titchmarsh and Boas-type theorems for the
canonical Fourier—Bessel and Fourier-Jacobi transforms.

. We give an application to the canonical Sturm-Liouville Bessel
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2. The canonical Sturm-Liouville operator

In this section we recall some results about the Sturm-Liouville and the canonical Sturm-Liouville
operators.

2.1. The Sturm-Liouville transform
We consider the second-order differential operator .# defined on (0, c0) by

_# Amd
Todx? T A(x) dx’

where
A(x) = ¥*"1B(x), a>-1/2,

for B a positive, even, infinitely differentiable function on R such that B(0) = 1. Moreover we assume that A
satisfies the following conditions:
(i) A is increasing and h_r)n A(x) = oo,
X—00

LA . . Al(x)
) = >
(ii) 118 decreasing and xlgrolo Alx) 20 >0,
(iii) there exists a constant 6 > 0, such that
/
A((;C)) =20+¢%D(x), ifp>0,
A 20 +1 ;
A((;C)) - “j L D(x), ifp=0,

where D is an infinitely differentiable function on (0,0), bounded and with bounded derivatives on all
intervals [x(, o), for xog > 0.

This operator was studied in [30,31], and the following results have been established:

(I) For all A € C, the equation

Lu=—(A+0Hu, u0)=1,u(0)=0,

admits a unique solution, denoted by ¢,, with the following properties:
e for x > 0, the function A — ¢, (x) is analytic on C;
e for A € C, the function x — ¢, (x) is even and infinitely differentiable on R.
(I) For nonzero A € C, the equation .Zu = —(A? + p?)u has a solution @, satisfying
piAx
D) (x) = Vi(x,A),

VA(x)

with
lim V(x,A) = 1.

X—r00

Consequently there exists a function (spectral function) A — c(A), such that
PA(x) = c(M)@p(x) +c(=M)@_a(x), x=0,

for nonzero A € C.
Moreover, the function A +— |c(A)|~
such that (see [34, page 99])

2 is continuous on [0, ) and there exist positive constants ki, ko, k,

k1|A|2a+l < ‘C()\)|_2 < k2|)t|2a+1,

for all A such that ImA < 0 and |A| > k.

Lemma 1 ([8]). The Sturm—Liouville function ¢,(x); A, x > 0, possesses the following properties.
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@ [oa(x)[ <1, )
(i) 1 — g2 (x) < (A% +p?)a.
We denote by

e u the measure defined on [0, 00) by
du(x) := A(x)dx,

and by LP (), 1 < p < oo, the space of measurable functions f on [0,00), such that

) 1/p
o= | [P0 <o, 12 p <o

[ fllLoqy = ess sup [f(x)] < oo;

x€[0,00)
e v the measure defined on [0, 00) by

dA

dv(A) := TR EYEX

and by LP(v), 1 < p < oo, the space of measurable functions f on [0, 00), such that || f|| ) < oo.

The Sturm-Liouville transform is the Fourier transform associated with the operator . and is defined for
f € Ll(u) by .
F(HN) = [ ar@f@dux), Ao, (1)

Theorem 1 ([28-31]). (i) Plancherel theorem. The Sturm-Liouville transform % extends uniquely to an isometric
isomorphism of L*(u) onto L?(v). In particular,

£ 2y = 1 ()l 20y
(ii) Inversion theorem. Let f € L(p), such that Z(f) € L' (v). Then
f0 = [T o@FWAQ), ae x=o0

The Sturm-Liouville function ¢, satisfies the product formula [30,31]

pA(X)pr(y) = /O ) pr(z)w(x,y,z)dp(z) for x,y>0; 2)

where w(x,y,.) is a measurable positive function on [0, ), with support in [|x — y|, x + y|, satisfying

| oty 2)dne) =1,

w(x,y,z) =w(y,x,z) for z>0, (3)
w(x,y,z) =w(x,zy) for z>0. 4)

We now define the generalized translation operator induced by (2). For f € L!(u), the linear operator

Tf(x) = [ fE@ulxy2)du(z), xy>0, ©

will be called Sturm-Liouville translation.
As a first remark, we note that the relation (3) means that

Tyf(x) = Txf(y), xy=>0.
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Theorem 2 ([8,32]). (i) Forally > 0 and f € LP (), p € [1,00], we have
I TyfllLe ey < [ F e
(i) For f € L?(u) and y > 0, we have
F(Tyf)(A) = oa(y) Z(f)(A), A =0.

2.2. The canonical Sturm-Liouville translation operator

Throughout this paper, we denote by M = (Z Z) an arbitary matrix in SL(2,R) such that b > 0. We

define the canonical Sturm-Liouville operator .#™ on (0, o) by

d? Al(x) _.a \ d a? a Al(x) .a
m._ 4 oty d (22 e a
L= gat (A(x) 2lbx> dx (bzx T AR +’b)'

where A is the positive function given in Section 2.

Note thatif M = <_01 (1)> , the operator .#M is reduced to the Sturm-Liouville operator .
d2  A(x) d
L= — —.
a2 " A(x) dx

For all A € C, the equation
M A, g2
LV = — PR u(0) =e'z»", u'(0) =0,
admits a unique solution, denoted by goﬁ/I and given by

phl(x) = e2 G+

o>
—
=
\\/
=
vV
o

For f € L'(u), we define the canonical Sturm-Liouville transform .#M( f) by

FHHN) = [T M fdu(n, A >0

This transform can be written as

FMFIA) = 32T (7

), feLlw, ©)

where .# is the Sturm-Liouville transform given by (1).
We denote by v, b > 0 the measure defined on [0, o) by

dA

dvy(A) = ———,
27rb|c(%)|2

and by LP(v3), 1 < p < o, the space of measurable functions f on [0, ), such that || f|1(,,) < co.

Theorem 3. (i) Let f € L'(p), such that FM(f) € L' (v). Then

£ = [T @M PN, ae x>0,

where N is the matrix given by N = (;a _b d) .
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(i) For f € L?(u) we have
17 2y = 11120

Proof. (i) follows from Theorem 1 (ii) and relation (6).
(ii) follows from Theorem 1 (i) and relation (6). [

For f € L'(u), we define the canonical Sturm-Liouville translation operators by
T ) = e B [T @) oy 2)duz), %y 20
It is easy to prove the following results.

Theorem 4. The operators T;‘] ,y > 0, satisfy:
() T f(x) = TV f(y), x,y > 0.
(ii) Tny(x) = e_izib(szryz)Ty (f(z)e%zz) (x), where Ty is the Sturm—Liouville translation given by (5).

(i) T (x) = e~/ 5 g} (x) g} (y).
Theorem 5. (i) Forally > 0and f € LF(u), p € [1, 00|, we have
T fllze g < I llw -

(i) For f € L?(u) and y > 0, we have

—a b
where N = ( i —d>'

Proof. (i) follows from Theorem 2(i) and Theorem 4(ii).
(i) Let f € L' N L2(u). Then

FMTNF)(A) = 3V N () FM(F)(A), A >0,

FUTHN) = [T x9N (x)dp()
= [T [ fe Pty ) | o odut).

By using Fubini’s theorem, (3) and (4) we obtain

(0]

FUINO) =15 [T f(z)eih [ J W(x)e"z“bxzw(z,y,x)dy(x)] d(2).
And by Theorem 4(iii) we deduce that
- d
FMINHQ) =5V g 1) FM(F(Y), A>0. )
Since L' N L2(u) is a dense in L2(u), the formula (7) remains valid for f € L?(u). O

Let N = <_ca f d) . The finite difference Aé\] is defined as follows

ANF(x) =T f(x) — e B f(x), y>0. ®)

Theorem 6. For f € L?(u), we have
M MY (1) = e 5 (g2 (y) = DFM(F)(A), A > 0.
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@) 183 12y = [ (03 (1) = DM () Py (1),
(iii) For f € LY(p), such that FM(f) € L' (v,), we have
AYF) = [ 9y (1) - DFMA WX Wdn(), ae x>0,

Proof. (i) Follows from Theorem 5(ii) and (8).
(ii) Follows from (i) and Theorem 3(ii).
(iii) Follows from (i) and Theorem 3(i). O

3. The M-canonical Lipschitz classes

In this section we define the M-canonical Sturm-Liouville Lipschitz classes and we establish versions of
the Titchmarsh and Boas-type theorems for the canonical Sturm-Liouville transform .ZM.

3.1. Titchmarsh-type theorem

Let0 < 7 < 1. A function f € L2(u) is said to be in the M-canonical Sturm-Liouville Lipschitz class,
denoted by Lip™(7,2), if
N ()2 := 8) fllr2y = O(y") as y —0.

Theorem 7. Let f € L?(u) such that
[T 1M )R () =05 as s e ©)
Then f € Lip™(n,2).
Proof. Let f € L?(u). Assume that
[ IZM M) P (2) = O(s72) as s = o

By Theorem 6(ii), we have

18Y 220 = [ (0= 0 0PIFM PN Pdry(3) = L+ I,

where )

= [y AFM (NN Py (),
and

y

L= [ (=g 2FM) () P,

Firstly, we use Lemma 1(i) to obtain
I < 4/ A)2dup(A) = O(y?1) as v — 0.
To estimate I, we use Lemma 1(i) and (ii), whence we deduce that

<2 [ (1= 0y )IFMA) (W) Pdu(A)
2
2

[

p2> FM(F) (W) Pdp(A) = s + L,
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where :

=2 [ 1FM)0) Py (),
and )

=5 [ M) ) Pan ),

Note that 00
L < [T IFMH W Pdv() = PRI,

Since 217 < 2, we have I3 < p%y?"||f||?, () and therefore
IL=0y*") as y—0.
On the other hand we put

¥ = [ 170 ().

t
Using integration by parts, we find that

- ¥ /; 2297 (A)dA
b? Jo

~ 1y (1) 7 [y
=t \y) T%e :

Since ¥(A) = O(A~27), we have A¥(A) = O(A!=27) and

1 1
/Oy A¥(A)dA = O (/Oy Al—z'id/\> — 012 as y— 0.

Then
I, =0 as y—0.

Finally, we conclude that
||A§]f||%2(y) = O(ym) as y—0.

This ends the proof of the theorem. [

Example 1 (Generalized Bessel potential). Let X,;, o > 0 be the multiplier operator defined by the relation

M 2 M o M
AW = (142 +5) SO, A0

The operator X, is a generalized Bessel potential; and in the Sturm-Liouville case this operator is studied
by Bloom and Xu in [29] and by Soltani in [33]. From Theorem 3(ii), the operator X, is bounded on L?(u) with

1Xefllzgy < Ifll2qy, € L2(0)-

Then by application of Theorem 7 and the fact that

A2 —0/2 A—C
<1+p2+> <5 A>0
we deduce that if f satisfies (9) then

Xof € LipM(y+0,2), for 0<y<1-o0.
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3.2. Boas-type theorem

In this subsection we prove a Boas-type theorem for the canonical Lip™ (7, co)-Liouville transform .#M,
and we give an application to canonical Sturm-Liouville multiplier operators.

At present we define, the Lipschitz class Lip™ (1, 00). A function f : Ry — R is said belong to Lip™ (1, 0o)
forn > 0if

N (f, 9w = sup [ANF(x)] = O(y1) as y -0,

xeRy

Theorem 8. Let f € L' (y) and 0 <5 < 2. If

s /)2
J (b2+pz) [ZM(F) V) dvy(A) = O(s*7)  forall s >0, (10)

then ZM(f) € L (vy) and f € Lip™ (7, 0).

Proof. By (10), there exists a constant C > 0 such that for all i € Z, we have

i+1 2 i+1 2 |
/2 (/b\z +p ) ‘yM(f)(/\)‘th()\) < /02 <22 +p ) |<@M(f)()\)|dvb(/\) < C22-m(i+1)

1

It is clear that

22 2i+1 2i+1 /\2 o
Sl Wm0 < [T (5 +) 1Pl ) < caBmie,
whence it follows that "
2i ‘
L 1#MAW)ldn () < e, .
Then by (11) we get
00 2]+1
Jy 1MWl 2/2 (A)[duy(A)

< Cb*2271 Zz*m =0(27).
j=i

When 0 < s < oo, leti € Z such that 2! < s < 211, Tt follows that

[ 1MW) < [T 171l (2)
< 2 = i~ (1)
< C27s7M,
This proves that
/ |ZM(F)(A)|dvp(A) = O(s ") forall s> 0. (12)
S
Therefore,

[T 1A an ) < oo

On the other hand, from [34, page 99] the function A — |c(A)|~2 is continuous on [0, ), then v;,([0,s]) <
co. Thus

JIZM M) du(2) < (0,5 F 1) < o0

We conclude that FM(f) € L(v).
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Now, let us prove that f € Lip" (1, ). Let x € R} and y > 0. By Theorem 6(iii) we have

8y F ()] = | |7 (0, ) - DFM PN (Wdv )| < i+

where
h= [0 = o IFMA W) ldu(A),

and

b= [ (= 0y )IFMHN) dn(A).

b
y

By Lemma 1 (ii) we get
1 )\2
nedt M (G +0) 1FM DN,

and by (10) we deduce that
Ji = y*0(y"%) = O(y"). (13)
On the other hand, by Lemma 1(i), we have

B2 [ M) () dn(A).
Y
By (12) we get
J2 = 0"). (14)
Combining (13) and (14) yields f € LipM(y,0). O
4. Special cases

Titchmarsh and Boas-type results for the canonical Fourier-Bessel and Fourier-Jacobi transforms are
special cases of Theorems 7 and 8.

4.1. The canonical Fourier-Bessel transform
In this case A(x) = x?**1, & > —1/2 and p = 0. The operator .M is reduced to the canonical Bessel
operator .ZM:
d? 20+1 a \ d a? a
M . _ ; 2 ;
gﬂ( = @ + <x —21bx> a — (b2x +21(0€ + 1)b> .

In this case

) = ) = e 0248 (),

where j, is the spherical Bessel function.
We denote by 1, the measure defined by dyu, (x) := x?**1dx.
The canonical Fourier-Bessel transform .#M is defined for f € L!(j,) by

FMF)(A) = /o VM%) f(x)dpa(x), A€ Ry.
The canonical Fourier-Bessel transform .#M can be regarded as a generalization of the Fourier—Bessel

transform. Recently, this transform is the goal of many applications in the harmonic analysis (see [35-39]).
The canonical Fourier-Bessel translation operators are defined for f € L!(p,) by

TN f(x) = 4 40°) /Om F2)e 5 wy(x,y,2)dpa(2), %,y €20,
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being w, (x,y, -) the kernel [40,41] given by

[(x +y)2 =22 322 — (x —y)2J* 2
0T () Lyl aty) (2),

We(X,Y,2) = aq

where
F(a+1)

VAT (a+3)

The finite difference Ag’N is defined as follows

Ay =

—ig2
AN Fx) = TyNf(x) — Y f(x), y >0
A function f € L?(p,) is said belong to LipM(1,2) for 0 < n < 1if
waN(f9)2 = 87N fll2y = O(W") as y —0.
A function f € L!(,) is said belong to LipM (7, o) for 7 > 0 if

WaN(f,¥)eo := sup [AyNf(x)| = O(y") as y—0.

xeR4

Corollary 1. Let f € L?(py) such that
[TIZMA 0 Pia(A) = O as s oo,
JS

Then f € LipM(y,2).

Corollary 2. Let f € L' (py) and 0 <y < 2. If
S
/ A2 ZMFY (M) |dpa(A) = O(2) forall s> 0,
0

then ZM(f) € L' (uy) and f € Lip™ (7, 00).

4.2. The canonical Fourier-Jacobi transform

In this case A(x) = sinh®"!(x) cosh®’ ™ (x),a > g > —1/2and p = a + B+ 1. The operator .ZM is
reduced to the canonical Jacobi operator ,2”(1;4 8)

d2 a d a2 a a
2y 1= g+ (g ~2053) & = (G o)+ )

where
hap(x) = (22 + 1) coth(x) + (28 + 1) tanh(x).

In this case y
oM (x) = pEPIM(3) = G+ ) (1)

A
b

where gof\“’ﬁ ) (x) is the Jacobi function given by

—_

(p+ir),a+1,— sinhz(x)),

N —

PP () = oFi5 (o — M),

being 2 F; (a,b, ¢, z) the hypergeometric function.
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We denote by 14 g, V4 p and v, g, the measures defined respectively by

dA

dptgp(x) i=sin® ! (x) cosh® ! (x)dx,  dvyp(A) == TP EVIEL
®p

and
dA

dv N = e O
wpb(A) 27b|cyp(4)]2

where

_ T(AT(3(1+iA))
T(z(p+iAM)T(3(p+iA) = B)

is defined for f € Ll(yarﬁ) by

Ca,p (/\)

The canonical Fourier-Jacobi transform .#M

(a,p)

© (ap)M
Fis (D) = [ oM ) f () dpap(x), 220
The canonical Fourier—Jacobi transform .# (Zt\f
transform.
The canonical Fourier-Jacobi translation operators are defined for f € L!( Ha,p) DY

) can be regarded as a generalization of the Fourier—Jacobi

p

Ty('x'ﬁ)'Nf(x) = i (P 4y /0 f(z)ei;*hzzw“,/g(x,y,z)dy“,ﬁ(z), x,y >0,
being w, g(x,y, ) the kernel [42,43] given by

[cosh(x) cosh(y) cosh(z)] ~(¢+A+1
[sinh(x) sinh(y) sinh(z)]*

11
X2k ((X +pa—p o+ 2’ 5(1 - Q(X, ylz)))X(|x7y\,x+y) (Z),

W p(%,Y,2) =0 (1- Q% (x,y,2)*

where ) ) )
cosh”(x) + cosh + cosh“(z) — 1
Oy, 2) — <o) + cosh(y) + cosh®(z) 1
2 cosh(x) cosh(y) cosh(z)

The finite difference A;‘x’ﬁ )N is defined as follows
APV f(x) = TN F ) — BV f(x), y e Ry
A function f € Lz(ya,ﬁ) is said belong to Lip?ﬁ,ﬁ)(q,Z) for0 <y <1if

Wwpn(Fy)2 = 85PN fll 2 ) = O as y —0.

A function f € L'(j, ) is said belong to Lip?ﬁ,ﬁ)(’%‘”) for y > 0if

Wpn(f¥)eo = sup [AYPNf(x) = O(yT) as y 0.

X€R+

Corollary 3. Let f € L?(juy ) such that

|17 (Y0 P (1) = O(s721) as s > o

Then f € Lip?glﬁ)(n,oo).
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Corollary 4. Let f € L' (o p) and 0 < 17 < 2. If

/O R FM (W)l p(A) = O(2 ) forall s >0,

then 9‘(%[3) (f) e L (Va,p) and f € Lip?ﬁ/ﬁ)(;y,oo).

5. Conclusion

In recent years, the scientific community has mastered tools such as the linear canonical transform (LCT)
and the quadratic phase Fourier transform, often presented in journals like Optik [25]. However, while these
transformations have opened new perspectives, the canonical Sturm-Liouville framework has, until now,
represented a more difficult frontier to overcome. While previous transformations, such as the phase-shifted
LCT, apply to specific phases, the canonical Sturm-Liouville framework offers much greater generality. It
allows the treatment of differential operators where its predecessors were limited. We have successfully
established a new Titchmarsh and Boas-type theorems for the transform .#M, based on the generalized
Lipschitz classes Lip™(#,2) and LipM (1, 00).
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