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1. Introduction

L et T = é(é‘ziﬂ) denote the triangular number [1,2] of ¢. Several authors [3-8] have investigated the
Diophantine equation

Tz = kTy, )

searching for triangular numbers that are multiples of other triangular numbers. Historical accounts can also
be found in [9](p. 585). Recently, Pletser showed [10] that, for non-square integers k, the four variables ¢, ¢,
Tt, and Tz can be represented by recurrent relations involving a rank r and two parameters x and <. The rank
r is defined as the number of successive solutions t of (1)such that their ratios are slowly decreasing without
jumps. The parametersk and v are, respectively, the sum and the product of the (r — 1)%and rh solutions t of
(1).

We only consider solutions of (1) for k > 1, as for k = 0 and k = 1, the solutions are trivial, respectively
¢ = 0and ¢ = t for any positive integer .

Triangular numbers T; are defined for positive integers t. This definition can be extended to negative
integers, yielding T_; = T;_;.

In this paper we investigate how to find all solutions of (1) using the method of resolution of Pell equations
associated with (1). We show that the rank r and parameters x and < of recurrent relations can be deduced
from fundamental solutions of Pell equations. §2 introduces the rank r and recurrent relations. §3 gives a
short reminder on how to find solutions of Pell equations. In §4, Pell equation methods are applied to find
all multiples of triangular numbers that are triangular numbers. In certain cases, general expressions of
fundamental solutions of the Pell equations associated with (1) are given for the multiplier k expressed as
k = s2 + o, with o either an integer or an integer function of s. Recurrent relations yielding ¢, ¢, Ty, and Tz are
deduced for non-square k.

2. Rank and recurrent relations

Sequences of t, §, T;, and Tz solutions of (1) for k = 2,3,5,6,7,8,10 can be found in the Online
Encyclopedia of Integer Sequences (OEIS), as shown in Table 1.
Note that (to, o) = (0,0) is always a first solution of (1) for all non-square k.
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Table 1. OEIS [11] references of sequences of integer solutions of (1) for k = 2,3,5,6,7,8,10

k 2 3 5 6 7 8 10
t | A053141 | A061278 | A077259 | A077288 | A077398 | A336623 | A341893
¢ | A001652 | A001571 | A077262 | A077291 | A077401 | A336625 | A341895
Ty | A075528 | A076139 | A077260 | A077289 | A077399 | A336624 | A068085
Tz | A029549 | A076140 | A077261 | A077290 | A077400 | A336626 —

Let us consider the two cases k = 3 and k = 6, yielding the successive solution pairs (t,,,) of (1) as

shown in Table 2.

Table 2. Solution pairs (¢, ;) of (1) and ratios for k = 3 and 6

=3 k=6

n tn gn tn/th1 n Cn tn/th_1 | tn/tu2
0 0 0 0 0

1 1 2 1 3 - -

2 5 9 5 3 8 3 -

3 20 35 4 14 35 | 4.66667 14

4 76 132 3.8 34 84 | 2.42857 | 11.33333
5| 285 494 3.75 143 | 351 | 4.20588 | 10.21429
6 | 1065 | 1845 | 3.73684 | 341 | 836 | 2.38461 | 10.02941

We indicate the ratios t,,/t,,_1 for both cases and t,,/t,,_» for k = 6. For k = 3, the ratio t,/t,_, varies
between close values, from 5 down to 3.737, while for k = 6, the ratio t,,/t,,_1 alternates between values 3 ...
2.385 and 4.667 ... 4:206, while the ratio t,,/t,_» decreases more regularly from 14 to 10.029 (corresponding
approximately to the product of the alternating values of the ratio t,,/t,_1). We call rank r the integer such
that the ratio ¢, /t,—, is approximately constant or, better, decreases regularly and monotonically (more precise
definitions are given further).

So, here, cases k = 3 and k = 6 have, respectively, ranks r = 1 and 2.

The rank r is the index of f, and ¢, solutions of (1) such that

K=t +t,_1=0C—C—1—1, (2
where « is a constant, different for each k [10]. The rank r is also such that
t”;# — 243 3)
;

Fork=6andr=2x=t+t; =3+1=4,andx =3 — (1 —1=8—-3—-1=4,yielding 2x + 3 = 11.
The ranks r are given in the sequence A341894 in OEIS [11].
Pletser deduced [10] four recurrent equations for t,, {y, Tt,, and T, :

2(K+1)tn r—th—2r + ¥ 4)
C =2(k+1)Cn—y — Cn2r + % ®)
Ttn ( K+ 1 ) Ttn—r - Ttn—Zr + (TK - I)/) (6)
Ty, = (4(;<+ 12— ) Ty, —Te, o + k(T —7), @)

where coecients are functions of the two constants x and -, respectively, the sum (2) and the product y = t,_1t,.
Note that the first three recurrence relations (4) to (6) are independent of k.



Open J. Math. Sci. 2026, 10, 462-476 464

3. Pell equations: A reminder

The Diophantine bivariate quadratic equation
X?> - DY?* =N, (8)

with integers X,Y,D,N and square-free D is called the Pell equation. Several mathematicians have
investigated this equation; see historical accounts in [9] (p. 340) and [12-15]. Treatments and solutions are
described in several classical textbooks, e.g., [16-19] and references therein. We remind here some general
formulas and how to calculate solutions. Details can be found in references.

For N = 1 we call (8) the simple Pell equation

x> —Dy? = 1. )

This equation admits the obvious trivial solution (xg,y0) = (1,0) and infinitely many solutions given by

) = <(Xf + VD" xg — VByg)" (g VDY) Gy \/Eyf)n> (10)

- 2 2VD

where 1 are positive integers and (xy, ys) is the least solution to (9), i.e., the smallest integer solution different
from the trivial solution, x r>Lyr > 0. We call this least solution the fundamental solution (x 7y f), which
yields directly three other solutions (—xf,y¢), (xf, —ys) and (—xf, —yy). Lagrange devised a method to
find the fundamental solution, based on the continued fraction expansion of the quadratic irrational v/D,
that can be summarized as follows. One computes the j™ convergent (pj/q;j) of the continued fraction
[oco SO, e X, O, ] of /D, with ny = {ﬁJ ,1.e., the greatest integer < v/D. This continued fraction becomes

periodic after the following term, a; 1 = 2ag if v/ D is a quadratic irrational. The recurrence relations

pi =aipi-1+pi—2; i = aidi-1+qi-2,

yield the terms p; and g; of the convergent, with p_» =0, p_1 = 1,9 = 1 and g_; = 0. The fundamental
solution is then (x¢, ys) = (pj, q;) if jis odd, or (xf,y¢) = (p2j11,92j+1) if j is even.

For N # 1, (8) is called the generalized Pell equation[19], which can have either no solution, or one, or
several fundamental solutions (X Fir Yfi), with positive integers i such that 1 < i < p, where p is the total
number of fundamental solutions admitted by (8). All integer solutions, if they exist, are found on double
infinite branches that can be expressed in terms of the fundamental solution(s) (X Fis Yfi) and (fX Fir Yfl-).
Methods to calculate the fundamental solution(s) of the generalized Pell equation (see, e.g., [16,18-24] and
references therein) are all based on Lagrange’s method of continued fractions, sometimes adapted [25]. The
nearest integer continued fraction method and the Lagrange-Mollin-Matthews method [24] are used further to
calculate the fundamental solutions of, respectively, the simple and the generalized Pell equations.

Once fundamental solutions are known, the other solutions (X, Y;) of (8) are calculated by

X+ \/BYn = i(Xﬂ' + \/BYfi)(Xf + \/B]/f)n, (11)

for a proper choice of sign [19], yielding respectively, for n = 0, 1,2 (assuming a + sign),

(Xo,Yo) = (Xfi/ Yfi) , (12)
(Xu, 1) = ((Xgixp + DYpiyg ), (Xgiyy + Ypixy ) ) (13)
(%2, 2) = ((Xpi (3 + Dy}) +2D¥pixsyr ) (Ypi (53 + Dy ) + 2Xgixpyy ) ) (14)

Note that, for each 1, one can have several (up to p) solutions depending on the different generalized

fundamental solutions (X Fis Yfi) .
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The other solutions (X, ;) of (8) may also be represented by recurrence relations

(X, Y) = (X1 +Dyp¥ar), (xp¥a 1 +¥pXu1)), (15)

that can also be written as

(X, V) = ((foXH_1 - XH) ) (foYn_l - Yn,z)) , (16)

or by Chebyshev polynomials of the first kind T;,_; (x f) and of the second kind U,,_» (x f) , evaluated at x¢
[26],

(Xn, Yn) = ((XfiTnfl (JCf) + DYﬁnyIn_z (.Xf)) ’ (Xfiyfun_z (Xf) + YfiTnfl (Xf) )) . (17)
The second recurrent relations (16) are similar in form to above recurrent relations (4) and (5), and already

given in [10].

4. Pell equations and multiples of triangular numbers

4.1. Solutions of Pell equations

For non-square integers k and with the change of variables
(X,Y)=(2¢+1, 2t +1), (18)

relation (1) becomes
X2 —ky?=1-k (19)

and the associated simple Pell equation reads
X% — ky2 =1. (20)

Odd solutions (X,Y) of (19) provide then pairs (¢, t), solutions of (1). Following the procedure of §3,
the fundamental solutions of the simple and generalized Pell equations are calculated and shown in Table 3
for non-square k between 2 and 102. The second and third columns give, respectively, the rank r (Sequence
A341894 in the OEIS [11]) and the total number of fundamental solutions of generalized Pell equations. The
fourth column shows the single fundamental solution of simple Pell equations. The fifth and sixth columns
give the fundamental solutions of generalized Pell equations. The fifth column shows those solutions with
both Xy; and Yy; odd or having different parities. The sixth column gives those solutions with both Xy; and Y;
even (except for k = 56, see discussion further).

Table 3. Fundamental solutions of simple (19) and generalized (20) Pell equations for 2 < k < 102

k lr]pe | (xpyy) (Xi, Yri)

2 1] 1] 32 (1,1)

3 11120 1,1)

5 123 (94 (+1,1) 4,2)
6 12]2 (52 (£1,1)

7 1212 |(83) (£1,1)

8 122 (1) (£1,1)

10 3] 3] (19,6) (=1,1), (9,3)

11 2] 2 [(10,3) (£1,1)

12 (2] 272 (£1,1)

13 [ 4] 6 | (649,180) (£1,1), (£25,7) (+14,4)
14 (2] 2| (154) (£1,1)
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522 @40 11,1)

17 [2] 3 | (33,8) +1,1) (16,4)

18 (2] 2 | (17,4) £1,1)

19 |3 3 | (170,39) +1,1),(39,9)

20 (2] 2 | (92) £1,1)

21 [4] 6 | (5512) +1,1), (£13,3) (£8,2)

2 4] 4| (197,42) +1,1), (£23,5)

23 |2 2 | (24,5) +1,1)

24 [2] 2| (51) +1,1)

2 |3 3 | (51,10) +1,1), (25,5)

27 | 2| 2 | (26,5) +1,1)

28 |4 4 | (127,24) +1,1), (£15,3)

29 | 4| 6 | (9801,1820) +1,1), (£59,11) (:£86, 16)

30 2] 2 | (1L,2) +1,1)

31 | 4| 4 | (1520,273) +1,1), (£61,11)

2 (2] 2 | (17,3) +1,1)

33 |2 4 | (23,4) +1,1) (£10,2)

34 [ 2] 2 | (35,6) +1,1)

3 (2] 2 | (61) +1,1)

37 2| 3 | (73,12) +1,1) (36,6)

38 (2] 2 | (37,6) +1,1)

39 (2] 2 | (254) £1,1)

0 (4] 4 | (19,3) +1,1), (+11,2)

k |r]e | (xpyf) Xfis Yri)

41 | 4| 4 | (2049,320) +1,1), (£83,13)

2 2] 2132 +1,1)

43 | 4| 4 | (3482,531) +1,1), (£85,13)

44 [ 2] 2 | (199,30 +1,1)

45 | 4] 6 | (161,24) +1,1), (£19,3) (£26,4)

16 | 6| 6 | (24335,3588) £1,1), (£47,7), (£183,27)

47 (2] 2 | (48,7) +1,1)

8 (2] 2 | (71 11,1)

50 [ 3] 3 | (99,14) +1,1), (49,7)

51 |3 3| (50,7) £1,1),(35,5)

52 | 4] 4 | (649,90) +1,1), (£79,11)

53 |4 6 | (66249,9100) +1,1), (£211,29) (£160,22)

54 | 2] 2 | (485,66) +1,1)

55 |4 4 | (89,12) +1,1), (£21,3)

56 | 2] 4 | (152) +1,1) (£13,2)

57 | 4| 4 | (151,20) +1,1), (£37,5)

58 | 4| 4 | (19603,2574) +1,1), (£175,23)

5 | 2| 2 | (530,69) +1,1)

6 |2 2 | (3L,4) +1,1)

61 | 8| 12 | (1766319049, 11,1), (£367,47), (£62,8), (£5186, 664)
226153980) £6709,859), (94793, 12137)

62 2] 2 | (63,8) +1,1)

63 2] 2|81 +1,1)

6 |2 5 | (129,16) +1,1) (£14,2), (64, 8)

66 | 4| 4 | (658) £1,1), (£23,3)

67 | 4| 4 | (48842,5967) +1,1), (+401,49)
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68 [ 2] 2 | (33,4) (£1,1)

69 | 4| 6 | (7775,936) (£1,1), (£91,11) (£116, 14)

70 | 4| 4 | (251,30) (£1,1), (£41,5)

71 | 4| 4 | (3480,413) (£1,1), (£143,17)

72 2] 2| (17,2) (=1,1)

73 | 6| 6 | (2281249,267000) | (£1,1), (£145,17), (£1461,171)

74 | 2| 2 | (3699,430) (£1,1)

75 | 2] 2 | (26,3) (£1,1)

klrle | (xpyy) (Xfi, i)

76 16| 6 | (57799,6630) (£1,1), (£113,13), (£305,35)

77 | 4] 6 | (351,40) (£1,1), (£43,5) (£34,4)

78 |4 4 | (53,6) (£1,1), (£25,3)

79 2] 2 | (80,9) (£1,1)

80 |2 2 | (91) (=1,1)

82 | 3| 3 | (163,18) (£1,1), (81,9)

8 | 2| 2 | (82,9) (£1,1)

84 | 2| 2 | (556) (£1,1)

85 | 8 | 12 | (285769,30996) (£1,1), (£101,11), (£341,37), |  (£16,2), (£424,46)

(+1429,155)

86 | 4| 4 | (10405,1122) (£1,1), (£343,37)

87 | 2] 2 | (28,3) (£1,1)

88 | 4| 4 | (197,21) (£1,1), (£65,7)

89 | 4| 4 | (500001,53000) (£1,1), (£179, 19)

90 |2 2 |(192) (=1,1)

91 | 6| 6 | (1574,165) (£1,1), (£27,3), (+181,19)

92 | 4| 4 | (1151,120) (£1,1), (£47,5)

9 |4 6 | (12151,1260) (£1,1), (£125,13) (154, 16)

94 | 4| 4 | (2143295,221064) (+1,1), (£281,29)

9% 2] 2 | (39,4) (=1,1)

9% |4 4 | (49,5) (=1,1), (£17,2)

97 |4 8 | (62809633, (£1,1), (£581,59) (£98, 10), (£12902, 1310)
6377352)

98 | 2| 2 | (99,10) (£1,1)

9 |2 2 | (10,1) (=1,1)

101 | 2| 3 | (201,20) (£1,1) (100, 10)

102 | 2| 2 | (101,10) (£1,1)

From these Tables, we deduce the following.

First, the rank of solutions of (1) is equal to, or less than, the total number of fundamental solutions of the
generalized Pell equations, r < p, as was expected.

Second, for all single fundamental solutions (xs,y¢) of the simple Pell equation, x; and y are of different
parities, i.e., one is odd, the other even (except for some cases of k = 0 (mod 8), where both x¢ and y are odd;
see further). It is easy to see why: for (20) to hold, the following three conditions must hold:

Cl: xy and yy cannot be simultaneously even, whatever the value of k is;

C2: if k is even, xy must necessarily be odd and y can be either even or odd;
C3:ifkis odd, x ¥ and y ¢ must have different parities, one odd and the other even.

Third, the sets of fundamental solutions of the generalized Pell equation always include (X f1'Yf1) =

(1,1) and (X for Yfz) = (—1,1), which is obvious from (19). The only two exceptions are for the cases k = 2

and 3. For these two cases, although (—1,1) is also a solution to (19), it does not bring a new branch of solutions
calculated by (11) to (13) different from the one obtained with (1,1). Therefore, there is only one fundamental
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solution, i.e., p = 1 for these two cases. Furthermore, the two pairs (1, —1) and (—1, —1) are also solutions of
(19), but they do not yield new branches of solutions different from those obtained with (1,1) and (—1,1).
Fourth, all generalized fundamental solutions (X Fis Yf,-) with i > 2, i.e., other than (1,1), have both X fi
and Yfi odd, except fork = 40, 96, 208, ... where Yfi is even (see further).
Fifth, there are (p — r) generalized fundamental solutions with both X; and Yy; even. These are shown
separately as they do not yield any solutions to (1).

4.2. Solutions in (&, 1)

The two generalized fundamental solutions (X fior Yfl,z) = (%£1,1) and using (X01,2f YO],Z) from(12) yield

the two trivial solutions ( &y, ,, to = (£ , 1) — 0,0) and (—1,0) to (1). The next generalized solution
1,2 1,2 2 2 g
(13) reads

(X11,2/Y11,2) = ((ixf + k]/f) ’ (ﬂ:]/f + xf)) ’

yielding, from (18),

:|:Xf+k]/f—1 :|:]/f+Xf—l) 1)

(€12, t12) = ( 7 , 5

with both terms integers under the three conditions C1 to C3 above.

For other generalized fundamental solutions (X Fis Yﬁ-> with i > 2, different from (+1,1), one has from
(12), (Xo,, Yo,) = (sz'/ Yfl-), yielding

Xe—1 Ys—1
f f
)~ (512577
integer solutions of (1) if Xy; and Yy; are both odd. The next generalized solution (13) reads
(X1, 1y,) = ((Xfixf + kaiyf> , (Xf,'yf + Yfixf)) , (23)
yielding
Xexs+kYnys—1 Xeyr+Yexe—1
(Cl,-,fll-)=< e zﬁf , zflf ) (24)

One sees that Xy; and Yy; cannot be simultaneously even for ¢1, and f;; to be integers. For both Xy; and
Yy; odd, the above three conditions C1 to C3 on x and yr ensure that &1, and £y, are integers.

For the cases of X fi odd and Yfi even, e.g., for k = 40 and 96 in Table 3, as k is even, x ¥ and y ¢ must be
simultaneously odd by condition C2 and for (24) to provide integer solutions.

Finally, simple Pell equation fundamental solutions (xf,y¢) with both x; and y odd appear for most
cases of k = 0(mod 8). Exceptions are for k = 56, 72, 112, 184, 240, 248, 264, 272, 376, ..., i.e., for some (but
not all) cases of k = +8, £16 (mod 64) where yy is even. In these cases, as both k and y are even, Yy; cannot

be even for (24) to provide integer solutions and these generalized fundamental solutions (X Fir Yfl-) must be
discarded.

For the general case of k = 0(mod 8), the fact that y is not odd can be explained as follows. As k =
0 (mod 8) is not square-free, the simple Pell Eq. (20) can be simplified posing k = c?k/, with k' square-free,
yielding

Ky =1, (25)

with i’ = cy. The fundamental solution (x 'z y’f) of (25) yields then the fundamental solution (x Y f) = (x r ny)
of (20).

For example, for k = 8, let k' = 2 and ¢ = 2; (25) yields (x, y}) = (3,2) and (xf, ny) = (xr,y5) = (3,1).
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For most cases of k = 0(mod 8), y’f is divisible by ¢ such that - i is odd yielding then y odd. For the

exceptions of some cases of k = £8, £16 (mod 64), this procedure does not leacl to an odd value of . For

example, for k = 56, let K’ = 14 and ¢ = 2, yielding (xf,yf) (15,4) and y; = i = 2. Fork = 72, let k’ =2
and ¢ = 6, yielding (xf,y f) (3,2). However, v/ ¥ is not divisible by ¢ = 6 and one must consider not the first
fundamental solution of the simple Pell equation for kX" = 2, but the second solution given by (10) for n = 2,

yielding (x2,y5) = (17,12) that gives y ¢ = ny = 2and finally (xf,yf) = (17,2).

4.3. First r solutions in (¢, )

In order to calculate all solutions of (1), we have to find the first » solutions (&;,t;) (with 0 <i <) of (1),
arranged in increasing order,

Cr=0<1 <. << <G, t=0<h <. <t <o <ty

and that correspond to the r fundamental solutions (X Fir Yfi) of the generalized Pell Eq. (19), with both X
and Yy; odd or of different parities.
The generalized fundamental solutions (X fir Yf1) =(1,1) and (X for Yf2> = (—1,1) provide respectively,

the solutions (¢, f,) and (&,_1, t,_1) of (1) from (13).
This yields successively

(X1, Y1,) = (Xpxp +kYqyp, Xpyp+Ypxp) = (x5 +kyp, =y +x5),
(X1, Y1,) = (Xpxp +KYpys, Xpyp + Ypxp) = (=xp +kyp, —ys +xp),

and
(X, -1 Yy -1 xXpt+kyr—1 yr+xp—1
(gr;tr)—( 2 ’ 2 - 2 ’ 2 s (26)
(X, -1y, -1 —xrt+kyr—1 —yr+xp—1
(Gnt) = (Pt T ) = (P, W @)

For r > 2, the next two generalized fundamental solutions (X3, Yy3) and (Xyg, Yry) = (—Xy3, Yy3) yield
respectively (¢1,t1) and (G2, f2). If both X3 and Yy3 are odd, then (12) (for n = 0) can be used for ({1, t1),

yielding
Xp,—1 Yp -1
@t = (). 28)

Relation (12)could also be used for (2, t2) with (=X, Yy,), but it would provide a negative value for &5.
Instead, we use (13) (for n = 1), giving

—%W+er4—&w+%w—v 29)

(Co, ) = < 5 , >

The next two generalized fundamental solutions (X, Ys) and (Xg, Yg,) = (—Xg, Yp) yield similarly
the next two solutions ({;, t;), which are then arranged in increasing order.

For example, for k = 13, we have r = 4, (xf,yf) = (649,180), and generalized solutions (Xf,Yy) =
(£1,1) and (£25,7). Relations (26) and (27) yield respectively, (s, t4) = (1494,414) and (&3, t3) = (845,234).
Relations (28) and (29) yield respectively, (&1,t1) = (12,3), (&2, t2) = (77,21).

Another example, for k = 46, we have r = 6, (xf,yf) = (24335,3588), (Xf,-, Yf,-) = (£1,1), (£47,7) and
(£183,27). With (Xy,,,Yy,) = (£1,1), (26) and (27) yield respectively, (e, ts) = (94691,13961), (G5, t5) =
(70356,10373). With (Xf,,, Yy, ,) = (£47,7) and (Xf,, Yf, ) = (£183,27), (28) and (29) yield respectively and
successively, (&1, t1) = (23,3), ({4, ts) = (5795,854) and (&p, t2) = (91,13), (&3, t3) = (1495,220).

For the cases where Yy, is even, ie., k = 40,96,120,..., (26) to (28) cannot be used with (Xfl/Z’Yfl,Z) =
(£1,1) as both k and Y}, are even, yielding non-integer solutions for § and ¢. Instead, the other generalized
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fundamental solutions have to be used with (13) (for n = 1) and (14) (for n = 2). For r = 4, one has then, with
(Xfl’Yfl) = (1, 1) and (sz’Yfz) = (—1, 1),

(Xa,, Ya,) = (xF + ky} + 2kxgyg, 67+ kyf +2xpy5), (30)
(XZZrYZZ) = (—(szr +kyj2‘) +2kayf, X} +ky12r —ZXfyf), (31)
yielding
(Carts) = , 5 , (32)
—i—ky +2kxy —1 22 +ky? —2xpyr—1
§3ff3=< ! o i f2 i , (33)
and with (Xf3/Yf3) and (Xf4rYf4) = (_Xf3rYf3)r
(X1, Y35) = (Xpxp +KYpyp, Xpyp + Ypxp), (34)
(X1, V) = (Xpxp + kY Xpys + Y X5), (35)
yielding
Xexr+ kY -1 X +Yexr—1
(Eaty) = ( £¥f : pYs— 1 ApYr 2f3 f > (36)
—Xexr+ kY -1 —X +Yexr—1
(Cl,t1)=< £2f ; pYr— 1 —ApYs . £%F ) 37)

For k = 40, r = 4, (xf,y5) = (19,3), (X5, Yyi) = (£1,1), (£11,2), (30) to (37) yield successively
(Xp,,Ya,) = (5281,835), (Xa,, Ya,) = (3839,697), (4, ts) = (2640,417), (&3,t5) = (1919,303), (X, Y1,) =
(449/ 71)/ (X14/Y14) = (31’5)’ (CZ/ t2) = (224/ 35)/ and (Cl/ tl) = (15/2)

4.4. All solutions in (&, t)

After having found the first r values of (¢;, t;), each corresponding to one of the r generalized fundamental
solutions (X Fis Yf,-), the 7 branches of infinitely many other solutions can be calculated using any of the four
following methods.

1) General Pell equation solutions

The r general solutions (11) of the Pell equation yield (assuming a + sign)

&+ Vkty = <§]+\ft + (1+2\f>> (xf + Viys)" — <1+2\/E>, (38)

where (¢;, t;) must be replaced successively by the first r values (g;, t;).

2) First recurrence relation

The first recurrence relation (15) yields

xr+kyr—1 xr+yr—1
(gnztn) = (xfgn—r +kyftn—r + %/ xftn—r +]/f§n—r + fgf) ’ (39)

where indices of {,—, and t,_, (instead of {,,_1 and t,_1) refer to preceding values of ¢ and ¢ in the same
solution branch.
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3) Second recurrence relation

The second recurrence relation (16) yields

(Enst) = (2Gur = Euar + (xp = 1), 2xptucr — by 2+ (x5 = 1)), (40)

where indices of §,—r, 2y and t,—;, t,_o, (instead of ¢, 1, §y—2 and ¢, 1, t,,_») refer to the preceding and teh
one before values of ¢ and f in the same solution branch.

4) Chebyshev polynomial formulation

The Chebyshev polynomials (17) yield

(Cnstn) = ((Cj + ;) Tu—1(xp) +k (tj + ;) Yln-a(xf) — %
(Cj + ;) Yeln—a(xs) + <fj + ;) Tu—1(xf) — ;) , (41)

where (g;, t;) must be replaced successively by the first r values of (g;, ;).

4.5. Relation between Pell equation solutions and recurrent relations

We can now give a new definition of the rank r.

The rank r is the number of fundamental solutions (X Fis Yﬁ) of the generalized Pell Eq. (19), with X; odd
and Yy; odd or even (if y is not even), with r < p, the total number of generalized solutions of (19).

Furthermore, we see that the recurrence relations (40) for both ¢, and ¢, have x ras the only parameter
and that the two relations are independent of k and y;. This fundamental solution x of the simple Pell Eq.
(20) acts as a constant of the problem for each k. Note further that summing the expressions of t, and t,_1 in
(26) and (27) yields t, + t,_1 = x; — 1. Since this sum was already defined as « in (2), we obtain

k=xp—1 (42)

Furthermore, (42) also yields that y is related to the difference § = t, — t,_; through the simple Pell
equation (20), which is verified if yjz, =2 —4tt,_ = (t, — t,_1)* = %, giving (assuming the + sign only)

for non-square integers k (except for some cases k = 0 (mod 8), see further). Replacing in the simple Pell
equation (x + 1)? — k6% = 1 yields the condition between the sum and the difference of ,and ¢, 1,

5= K(K+2)‘

k

For k = 0 (mod 8), (42) and (43) are valid for some cases but for other. Relations (42) and (43) are valid for

k = 56,72, 112, 184, 240, 248, 264, 272, 376, ..., i.e., for some (but not all) cases of k = +8, +16 (mod 64). For
other cases of k = 0 (mod 8), § > ys and one must find the next pair of solutions to the simple Pell equation by

(10) for n = 2, i.e., (x2,12) = (xj% + kyj%, foyf>,

(44)

K:x?;+ky%—1 (45)
6= fo]/f. (46)

Finally, expressing the coefficients of the four recurrence relations (4) to (7) in terms of the fundamental
_ _1)2_42
solutions of the simple Pell equation, one has, in addition to (42), T, = K(K; n _ by 21)xf , Y = by 4) 7 and
ol
~——, yielding

Ty —7v =
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ty = ZXfi'n_r —ty_oy + (Xf — ), (47)
Gn = Zngn,r —Cn—or t (xf - 1)/ (48)
x2—1+y2
T, = (43 2T, = Th, o + L——7, (49)
xz—1+132
Ty, = (43— 2Ty, — Tz, , +k <f4f> , (50)
and
xp+kyr—1 yr+xr—1
(gr/ tr) = < f 2f 7 f zf ) ’ (51)
—xr+kyr—1 —yr+x,—1
(ér_l,tr_l)z( e ) (52)

A simpler method applicable to some k is given in the next section.

4.6. Recurrent relations in function of s fork = s2 + ¢

Expressing k in function of s2, with s = |v/k|, the closest integer smaller than v/k, Tables 4 and 5 show
expressions of (xf,y¢) and, when existing, (Xy;, Y¢;) for i > 2 for several simple expressions of k in function of
s2, k = s? + o, where 0 is either an integer (Table 4) or a function of s (Table 5).

Table 4. Expressions of k, s, 7, (xf, yf), (Xf,-, Yfi) for i > 2; (—, —): no generalized solutions exist as r = 2; (a)
except for k = 51,66 (r = 3,4); (b) except for k = 40 (r = 4); (c) except for k = 85 (r = 8)

(xf/ )H(sz/Yfz)
(+ (25 +1),25) | (=, —)
(£(25° )?-S)H(2 5)
ss+2 | any |20 | (&(s2+ ) $) [ (= —)
244 even [20) | (£(5+1), )] (= )
4(©) (1(523-&-3 +1)’ s(s +1) (s +3) )H( ((s 7s+4) 1) s(s— 1)+1)
((4
(5
(£(

k s r
s2+1 even 2
odd 3

U)

s +1)2(S +4) _ 1) (S +1%(s +3)) H (i( (5 +S+4) + 1) (5;—1) + 1)

7

2
2

- >,4>||<—,—>
LT ), )

( )
3(mod4) | 4

( )

( )

All these expressions can easily be demonstrated by replacing the appropriate variables in the Pell
equations (19) and (20). Note also that these general expressions for the fundamental solutions (xy,yy) are
valid in all generality for the simple Pell equation (20).

Replacing x; and yy in recurrence relations (47) to (50) by their expressions in functions of s yields
simplified recurrent relations specific for each k, and the first » expressions of each variable from (51) and
(52).

Recall that (o,tg) = (0,0) is always a solution for all non-square k, yielding T;, = 0 and Tz, = 0,
and note that the four variables t,, ¢y, Tt,, Tz, can be extended to negative integer indices as t,(l- 1) = ti
é_ (i+1) = —&—1, T is1) = Tt,, and Tz ) = T¢,. Therefore, one would need only to know the first (r — 1)
Values of each variable to determine all solutions and to completely solve the problem.

Tables 6 to 9 show the first three cases of Table 4, for k = s 4 1 (Table 6), k = s> +2 (Table 7) and k = s> + 4
(Tables 8 and 9). The method can easily be extended to the other cases of Tables 6 and 7.

Note that in Table 6, for k = s? + 1, one has (xf, yf) = (25> + 1, 2s), and for s odd, the additional

generalized fundamental solution (X Fr Yf3) = (sz,s), yields, by (28), (¢1,t1) = (522’ 1 %)
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Table 5. Additional expressions of k, s, r, (x,y¢) and (Xy;, Yp;) for i > 2; (—,—): no generalized solutions
exist as ¥ = 2; (x, x): no apparent pattern; £: plus/minus sign independent from other =+ sign(s); (a) except for
k = 0% — 1 with ¢ even; (b) except for k = 5,11,55,... and no =+ for k = 10 (as r = 3); (c) except for k = 40; (d)
except for k = 78 (r = 4); (e) except for k = 5 (r = 2); (f) except fork = 96 (r = 4); (g) except for k = 136 (r = 4)

k s r | (xpyp) |l (sz/Yfz)
s +s any 2 | (£(2s+1),2) || (=, —
212 0O(mod o), codd | >2 | (+(osE1), o) || (*, *)
O(mod §),ceven | >2 | (£(osE1), ) @ (s, )
s24s—1 any >3 | (x,0) | (£(EEE —1), T +1)0
2452 0(mod 3) >4 | (k%) | (£(2s2 +25+1),25+1)®)
1(mod 3) 2 | (5[ (=)
2(mod 3) 4| () | (2(ED), A 1)
s2+s+1 1(mod 3) 4 | (£ 2 25+1 i +1), 4(2(5_1) +1) || (i(%)r ZSTH)
0,2(mod 3) >4 | (x,%) ||( (2 52+25+1) 25 +1)
s?+2s any 2 | (£ s+1) (=)
s2+2s—1 any 2 | (£(s?+2s), s—|—1)||(— -)
2 +25—2 2(mod 3) 2(@) [ (3251 267y ) )
$2+2s—3 0(mod 4) 4 (i(S“ SEs 2> 612y ) (is 25— 2, s$2)
e (s+1)( 25—2 2)
2(mod 4) 4le) | (£l + >, S* ) || (52 e 4,8)
odd 2(f) (:l:s 2425 — 3 le) H (717
£+25-7| 3(modd) | 2® &%Hslmﬁhwﬂ—>
(mod4) | 4 [ (£ “35“2*”“, <52*1;<”3>> | 2, o)
g2+ =H odd 2 | (£(4s+3),4)|(— —

Table 6. Expressions of t, G, Ty, Tz, in function of s fork = s2 + 1

k=s2+1,seven, r=2

th = 2287 + 1)ty 0 —ty 4 +25%0 =s(s+1),t; =s(s — 1)

Gn = 2(252 + 1)671—2 —Cn—a T 252, G = 5(52 ts+ 1)/ 61 = (S — 1)(52 + 1)
T, =2(8%(s+ 1)+ )Ty, , — Ty, , +5°(s> +2),

T, = s(s+1)(s (s+1)+1) Ty, = s(s—l)(sgs—l)-&-l)
T:, = 2(8s” (s +1)+D)Tr, , — Tz, , +5°(s* +1)(s> +2),
T _ s(s+1)(s? +l)( (s+1)+1) Té _ s-DEF) (=D +1)

— 1 2

k—s +1, sodd r=3

th = 2(28> + 1)t,_3 — t,_g + 257 t3—s(s+1) th=s(s—1),t; = %
=222 +1)& 3 — &y +25°, 8 =5(s> +s+1),
G=(-1(2+1),8& =7t

T, =2085*(s + 1) + Ty, , — Ty, +5°(s* +2),

Tt3 _ s(s-&-l)(sés-&-l)—l—l),n2 _ s(s—1)(s és 1)+1) Tt _ s 8_1
T:, =2(8s*(s*+ 1)+ )Tz, , — Tz,  +5 (s +1)(s>+2),
T: — s(s+1)(s24+1)(s(s+1)+1) T- — s(s—1)(s?+1)(s(s—1)

& — & — 2

3 2 7 762

+1)1 Tgl — 548—1

In Table 7, for k = s + 2, one has (xf,yf) = (s2+1,s) and r = 2, except for some cases k = 51,66, ...
where v = 3,4, ..., for which additional generalized fundamental solution(s) must be considered to calculate
smaller values of (&;, t;).

In Table 8, for k = s? + 4 and s even, one has (xf,yf) = <522+2, %) and r = 2, except for k = 40, ... where

r = 4; while for s = 1 (mod 4), one has (xf,ys) = <52(522+3)2 +1, S(sz+l%(52+3)), r = 4, except for k = 85 where

7 =8 and (Xp, Yp,) = (i(S(SZ_TSH) -1), 250 4 1) yields, by (28), (&1,t1) = <(S*1)£Sz+4), 5(54*1)) and, by
s(s? 2 312
(29), (&, 1) = ( ( +4)(4s 5+2) (st 4+4s+2))_
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Table 7. Expressions of t, ¢y, Tt,, Tz, in function of s fork = s2 +2

k=s2+2,r=2

th =2(s> + Dtyo —tya+5° 1 = 5(52“), t = s(sgl)

& = 22+ Vinog — Eyoa + 5% G = T gy = U
Ty, = 2(2(52 + 1)2 DT, — Tty + S(S?%S))

T, = S(S+1)(sés+l)+2)/Tt1 _ s(sfl)(sf(ssfl)+2)

Tp, = 22(%+1)> — )Tz, — Tz, + SCHIEH)

s(s+1)(sZ42) (s(s+1)+2 s(s—1)(s242)(s(s—1)+2
T,, = SHICOGEIR) 7, _ sG]

Table 8. Expressions of t,, §n, Tt,, Tz, in function of s for k = §2+4

k=s2+4,seven, r=2
th = (52 +2)tn72 th_s + t2 = (5121)’ t = 5(54_1) ,
Zn=(s*+2)8n2—Cua+t> 7, Go = z(s:fsﬂ), G = (5_1)4(175#;)
T, = (?+22=2)T, , = Ty, , + =5
s(s+1)(s(s+1)+4 s(s—1)(s(s—1)+4
T, = SSUREFRD 7 — S TGET
s%(s*+4)(s*+5

= (P42 =Ty, , — Ty, , + ZCH)H
Te — s(5+1)(s244) (s(s+1)+4) T- — s(s—1)(s%+4)(s(s—1)+4)

2 — 32 5 W 32
k=s>4+4,5=1(mod4),r =4
th = (s2(s? +3)% + ) _4—ty-g +@
ty = s(s243)(s (522-3) (s°+1)) Lty = s(s243) (s (s 2—3) (s +1)),

Z(s+1)4+2(2 1

tzzs(s(s—&-)z-(s—&-))t:s(s ) S
En = (82 +3)* +2)8ua — Ens + 550,
4= 5(sZ+3) (s(s>+3) + (2 +1) (s> +4)) & = (s2+1) (5% +4) (s> —s7+3s—1)
— (s> +4)(s°+ +24) (s—1)(s +34)_ :

S(s S S S
b2 = 4 61= 4 VI N VIO SNV
Ty = (% +2)2 = 2)(s5(s> +8) +45%(552 +4) + DTy, — Ty, -+ RIS
T, = 5(s24+1)(s243) ((s2+1) +5(s2+3) ) (5% (s2+5) +5(s2+3) +4)

4 32
T, = s(s241) (s243) (= (% 1) +5(s243)) (% (s245) —s(s*+3) +4)

3 32
T. — s(sz+2)(52+s+2)(sz(s+1)+2(25+1)) T = s(s—1)(s(s—1)+4)

— i 32 §2(s241)2(s2+3)% (s> +4) (s> +5)
T:, = ((s>+2)% — )( 6(s2 +8) +4s? (5s +4) +1)T§ = Te et 15
Tg _ 5(s2+1) (s> 4+3) (s +4) (5(s?+3) +5>+1) (s> (s2+5) +5(s*+3) +4)

T; s(5241)(s243) (s2+4) (s(s2+3) — (s2+1)) (s2(s245) —5(s>+3) +4)
32
T; s(s2+2) (5% +4) (57 +sJ3r22)(sz(s+l)+2(Zs+l)), T§1 _ s(sfl)(52+§%(s(sfl)+4)
In Table

and (Xp,,, Yy,,) = (i(s(52+25+4) +1), s(sz+1) +1)yields, by (28), (¢1,t1) =

9,fork = s>+ 4and s = 3 (mod4), one has (xp,yf) = ((52+1);(52+4) —1, S(sz+1)(s2+3))l r=4,

(G2, t2) = ((s

242)(s?(s—1)4+2(25—1)) s(s?(s—1)+2(25—1))
1 .

4 4

(5(52254*4) )’ S(S+1)> and by (29)

We can now calculate for each non-square integer k, the fundamental solutions x; and y of the simple

Pell equation and the four recurrent relations yielding t,, {n, Tt,, T¢,, and the first 2r values of each variable.
These are given in [27].

5. Conclusi

ons

We have shown that the problem of finding all triangular numbers that are multiples of other triangular
numbers with non-square integer multiplier k can be solved using solutions of Pell equations with a simple
change of variables. Only those r fundamental solutions (Xy;, Yy;) of the generalized Pell equation with Xy
odd and Yy; odd or even (if y ¢ is not even) provide solutions to the problem of finding triangular numbers that
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are multiple of other triangular numbers. General expressions of fundamental solutions of the Pell equations
are given for some cases of the multiplier k in function of the closest natural square s2. Infinitely many solutions
are then found on r branches corresponding to each of the r generalized fundamental solutions (Xf,, Yy,) and
these solutions can be found either by a general relation involving vk, or by two sets of recurrent relations,
or by Chebyshev polynomial solutions. Among these, the second set of recurrent relations are found to be the
same as those found previously without using the Pell equation solving method.

Furthermore, the number r of generalized fundamental solutions (X fir Yﬂ‘) with X, odd and Yy, odd or
even (if y is not even) corresponds to the rank of these second set recurrent relations. The two constants
K = t,+t,_1 and § = t, — t,_1 are also related to, respectively, the fundamental solutions x ¥ and vr of the
simple Pell equation, as x = x; — 1 and § = yy or § = 2x¢y, except for some cases of k = 0 (mod 8).

Finally, we have found simplified expressions of recurrent relations of the four variables for k expressed
in function of s, the closest integer smaller than Vk. Recurrent relations yielding ¢, ¢, T; and T can then be
calculated for non-square k.

Table 9. Expressions of t;,, &, Tt,, Tg,in function of s fork = s2 + 4

k=s?>+4,5=3(mod4),r =4

ty = (52 +2)(s2(s> +4) 4+ 1)ty_g — ty_ 8+M,

f, — 5(s2+3)(s%(s+1)+3s+1) fn — s(s2+3)(s%(s—1)+3s—1)

4 = , Py /3= Py 7
s(s7(s—1)4+2(2s—1 s(s+1

f, = CEDET) 6 —

Gn = (2 +2)(X(s* +4) + Vg — Gus + =57,

&y = 5(s243) (s%(s4+1) +55°+35+4) & = (s241) (s2+4) (s*(s—1)+3s—1)

— 4 4 — 4

& = (sz+2)(sz(s—41)+2(25—1)) & = 5(52-25-&-4)

T, = (427 ~2)(s8(2 +8) +45(567 +4) + DTy, , — Ty, o+ S 3 ()
T, — 5(s2+1) (s> +3) (s (s+1)+352+1) §2(s+1)+s(55+3)+4)

(
T, — 5(s241)(s>43) (s*(s—1)+35—1) (s> (s—1) +5(55—3) +4
ts — 32
T, — 5(s242)(s(s—1)42) (s2(s—1)+2(25— 1)) _ s(s+1)(s(s+1)+4)
ty — 3D 1 — 32

Tc:n ((S +2) )(56(52 + 8) + 45 (55 + 4) + 1)T§1174 - Tgn,ng 52(32+1)2(52—&-?%2(524-4)(52-&-5)
T@’ _ s(s Z11) (5% 43) (s2+4) (s2(s+1)+35+1) (s2(s+1) +5(55+3) +4)

(
T s(s 1) (s243) (2 +4) (s? (571:;13571) (s%(s—1)+s(55—3)+4)
4 ( 32

5(5%42) (s7+4) (s(s—1)+2) (s?(s—1)+2(25—1)) Te — s(s+1)(s*+4) (s(s+1)+4)
32 e 32
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