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Abstract: This paper deals with the finite element approximation of the elliptic impulse control
quasi-variational inequality (QVI), when the impulse control cost goes to zero. By means of the concepts
of subsolutions for QVIs and a Lipschitz dependence property with respect to the impulse cost, an L∞ error
estimate is derived for both the impulse control QVI and the correponding asymptotic problem.
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1. Introduction

T his paper deals with the standard finite element approximation in the L∞- norm of the impulse
quasi-variational inequality (QVI): find uk ∈ H1(Ω) such that{

a(uk, v − uk) ≧ ( f , v − uk) ∀v ∈ H1(Ω),

uk ≤ k + Muk , v ≤ k + Muk , uk ≥ 0,
(1)

as the impulse cost k goes to zero.
Here Ω is a bounded convex domain of RN , N ≥ 1, with smooth boundary, (., .) corresponds to the inner

product in L2(Ω), f ≥ 0 is a function in L∞(Ω), a(. , .) is the bilinear form

a(u , v) =
∫

Ω
∇u∇v(x) + cuvdx, (2)

where c is a positive constant, and M is the nonlinear operator, defined from L∞ (Ω) into itself, by

Mφ(x) = inf φ(x + ξ); x ∈ Ω, ξ ≥ 0; x + ξ ∈ Ω̄, (3)

and k is a positive constant.
Let Ω be decomposed into triangles and let τh denote the set of all those elements; h > 0 is the mesh

size.We assume that the family τh is regular and quasi-uniform; let also Vh denote the finite element space
consisting of continuous piecewise linear functions, {φs}, s = 1, 2, ...m(h) the basis of Vh, and rh the usual
corresponding Lagrange interpolation operator.

The discrete counterpart of (1) consists of seeking uk,h ∈ Vh such that{
a(uk,h, v − uk,h) ≧ ( f , v − uk,h) ∀v ∈ Vh,
v ≤ k + rh Muk,h, uk,h ≤ k + rh Muk,h.

(4)

In this paper, under a W1,∞- uniform regularity assumption, we derive error estimate for the QVI (1)∥∥uk − uk,h
∥∥

∞ ≤ Ch,
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and for the asymptotic problem ∥∥u0 − u0,h
∥∥

∞ ≤ Ch, (5)

where u0 is the solution of the continuous asymptotic QVI (as k → 0), that is{
a(u0, v − u0) ≧ ( f , v − u0) ∀v ∈ H1(Ω),
u0 ≤ Mu0 , v ≤ Mu0 , u0 ≥ 0, (6)

(see [1]), u0,h is the solution of the discrete asymptotic QVI (as k → 0), that is,{
a(u0,h, v − u0,h) ≧ ( f , v − u0,h) ∀v ∈ H1(Ω),
u0,h ≤ rh Mu0,h , v ≤ rh Mu0,h, u0,h ≥ 0,

(7)

and C is a constant independent of both h and k.
To achieve this, we develop an approach that, in both the continuous and discrete settings, combines two

key ingredients: a characterization of the QVI solution as the upper envelope of the set of subsolutions, and a
Lipschitz continuity property with respect to the impulse cost.

It’s worth mentioning that the approximation approach developped in this paper is completely different
from the one in [2].

The remainder of the paper is organized as follows. §2 recalls several qualitative properties of the solution
to the continuous QVI (1), establishes its Lipschitz dependence with respect to the impulse cost, and introduces
the continuous asymptotic QVI. §3 presents the corresponding discrete theory: assuming a discrete maximum
principle, we derive analogous qualitative properties for the solution of the discrete QVI (4), and state the
discrete asymptotic QVI. Finally, in §4, we give a detailed analysis of the approximation, and convergence
order.

2. Preliminaries

2.1. Elliptic variational inequality (VI)

Let g ∈ L∞ (Ω) and ψ ∈ W1,∞ (Ω) such that ∂ψ/∂n ≥ 0 on ∂Ω. The following problem is called an elliptic
variational inequality (VI): find ω = σ(ψ) ∈ H1(Ω) such that{

a(ω, v − ω) ≧ (g, v − ω) ∀v ∈ H1(Ω),
v ≤ ψ , ω ≤ ψ .

(8)

Theorem 1. [3] Let ψ and ψ̃ in W1,∞(Ω).Then, we have

∥ω − ω̃∥∞ ≤ ∥ψ − ψ̃∥∞ ,

The discrete analog of VI (8) is the VI: find ωh = σh(ψ) ∈ Vh such that{
a(ωh, v − ωh) ≧ (g, v − ωh) ∀v ∈ Vh,
v ≤ rhψ , ωh ≤ rhψ.

(9)

We assume that the matrix with generic coefficients a (φl , φs) is an M-Matrix.This is the so-called discrete
maximum principle (d.m.p) [4].

Theorem 2. Under the d.m.p, we have
∥ωh − ω̃h∥∞ ≤ ∥ψ − ψ̃∥∞ .

Theorem 3. [5] Let ψ ∈ W1,∞ (Ω) and ω ∈ W1,∞ (Ω), then

∥ω − ωh∥∞ ≤ Ch.
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3. The continuous QVI

Next, we give some qualitative results for the solution of the QVI (1). Indeed, starting from û0 ∈
H1(Ω),the unique solution of the equation

a(û0, v) = ( f , v) ∀v ∈ H1(Ω). (10)

We define the continuous sequence
(
ûn

k
)

such that ûn
k ∈ H1(Ω) solves the variational inequality (VI)

{
a(ûn

k , v − ûn
k ) ≥ ( f , v − ûn

k ) ∀v ∈ H1(Ω),
ûn

k ≤ k + Mûn−1
k , v ≤ k + Mûn−1

k .
(11)

Similarly, starting from ǔ0 = 0, we define the continuous sequence
(
ǔn

k
)

such that ǔn
k ∈ H1(Ω) solves the

variational inequality (VI) {
a(ǔn

k , v − ǔn
k ) ≥ ( f , v − ǔn

k ) ∀v ∈ H1(Ω),
ǔn

k ≤ k + Mǔn−1
k , v ≤ k + Mǔn−1

k .
(12)

Note that due to standard comparison results in elliptic variational inequalities, the sequences
(
ûn

k
)

and(
ǔn

k
)

are decreasing and increasing, respectively.

Theorem 4. [6] Assume that f ≥ f0 > 0. Then, the sequences
(
ûn

k
)

and
(
ǔn

k
)

defined in (11) and (12), respectively,
converge decreasingly and increasingly to the unique solution uk of QVI. (1).

Definition 1. [6] A function wk ∈ H1(Ω) is said to be a subsolution for QVI (1) if{
a(wk, v) ≤ ( f , v) ∀v ∈ H1(Ω), v ≥ 0,
wk ≤ k + Mwk, v ≤ k + Mwk.

(13)

Let X denote the set of such subsolutions.

Theorem 5. [6] The solution of QVI (1) is the maximum element of X.

Notation 1. Let k, k̃ be two positive parameters and uk = ∂(k), uk̃ = ∂(k̃) be the corresponding solutions to
QVI (1), respectively.

Lemma 1 (Monotonicity property). k ≥ k̃ implies uk ≥ uk̃.

Proof. We proceed by induction. For n = 0, since M is nondecreasing and k ≥ k̃, we have k + Mû0
k ≥ k̃ + Mû0

k ,
which implies that û1

k ≥ û1
k̃
.Let us now assume that ûn−1

k ≥ ûn−1
k̃

. Then, as k ≥ k̃, we have k + Mûn−1
k ≥ k̃ + M

ûn−1
k̃

, and making use of standard comparison results in elliptic VIs, we get ûn
k ≥ ûn

k̃
. Hence, due to Theorem

1, passing to the limit, as n → ∞, it follows that uk ≥ uk̃.

Theorem 6 (Lipschitz property). Under conditions of Lemma 1, we have∥∥uk − uk̃

∥∥
∞ ≤

∣∣k − k̃
∣∣ . (14)

Proof. Set
Φ =

∣∣k − k̃
∣∣ .

Then, since

k ≤ k̃ +
∣∣k − k̃

∣∣
≤ k̃ + Φ,
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applying Lemma 1, we get
∂( k) ≤ ∂( k̃ + Φ).

But, ∂( k̃ + Φ) being the solution of QVI with source term f and impulse cost k̃ + Φ , and ∂(k̃) + Φ being
the solution of QVI with source term f + c.Φ and impulse cost k̃ + Φ, we have, f + cΦ ≥ f , and hence, by
standard comparison result for elliptic QVIs, ∂( k̃ + Φ) ≤ ∂(k̃) + Φ. Thus,

∂( k) ≤ ∂( k̃) + Φ.

In a similar way we can also get
∂( k̃) ≤ ∂(k) + Φ,

which completes the proof.

Corollary 1. we have
∥uk − u0∥∞ ≤ k. (15)

Proof. It suffices to take the limit on (14), as k̃ → 0.

4. The discrete QVI

4.1. Qualitative properties

Next, we shall give analog qualitative properties for the discrete QVI (4).Their respective proofs will be
omitted as they are similar to those of their continuous analogues. Indeed, starting from u0

h, the unique solution
to the equation

a(û0
h, v) = ( f , v) ∀v ∈ Vh,

we define the continuous sequence
(

ûn
k,h

)
such that ûn

k,h ∈ Vh solves the discrete variational inequality (VI)

{
a(ûn

k,h, v − un
k,h) ≥ ( f , v − ûn

k,h) ∀v ∈ Vh,
ûn

k,h ≤ k + rh Mûn−1
k,h , v ≤ k + rh Mûn−1

k,h . (16)

Likewise, starting from ǔ0
h = 0, we define the continuous sequence (ǔn

k,h) such that ǔn
k,h ∈ Vh solves the

discrete variational inequality (VI){
a(ǔn

k,h, v − ǔn
h) ≥ ( f , v − ǔn

k,h) ∀v ∈ Vh,
ǔn

k,h ≤ k + rh Mǔn
k,n−1h, v ≤ k + rh Mǔn

k,n−1h.
(17)

Note that, due to standard comparison results in discrete elliptic variational inequalities, the sequences(
ûn

h
)

and (ǔn
h) are decreasing and increasing, respectively.

Theorem 7. [2] Let the d.m.p hold. Then, the sequences
(

ûn
k,h

)
and (ǔn

k,h) defined in (16) and (17), respectively,
converge decreasingly and increasingly to the unique solution uh of QVI (4).

Definition 2. A function wh ∈ Vh is said to be a subsolution for the QVI (4) if{
a(wk,h, v) ≤ ( f , v) ∀φs,
wk,h ≤ k + rh Mwh, v ≤ k + rh Mwh.

(18)

Let Xh denote the set of such subsolutions.

Theorem 8. [2] The solution of QVI (4) is the maximum element of Xh.
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Notation 2. Let k, k̃ be two positive parameters and uk,h = ∂h(k), uk̃,h = ∂h( k̃) be the corresponding solutions
to (4), respectively.

Lemma 2 (Monotonicity property). Let the d.m.p hold.Then k ≥ k̃ implies that uk,h ≥ uk̃,h.

Theorem 9 (Lipschitz property). Uder conditions of Lemma 2, we have∥∥∥uk,h − uk̃,h

∥∥∥
∞
≤

∣∣k − k̃
∣∣ . (19)

Corollary 2. We have ∥∥uk,h −u0,h
∥∥

∞ ≤ k. (20)

5. Error analysis

This section is devoted to demonstrate the proposed approximation method converges in the L∞ (Ω)

norm. The proof stands on the construction of an appropriate subsolution for each of the continuous and
discrete QVIs, respectively. From now on, C will denote a constant independent of both h and k).

5.1. Error estimate for the QVI (1)

Theorem 10. We have ∥∥uk − uk,h
∥∥

∞ ≤ Ch.

The proof stands on the following two fundamental lemmas.

Lemma 3 (Construction of a discrete subsolution). Assume that

max
{
∥Muk∥W1,∞(Ω) , ∥uk∥W1,∞(Ω)

}
≤ C. (21)

Then, there exists a function αk,h such that:{
αk,h ≤ uk,h, and∥∥αk,h − uk

∥∥
∞ ≤ Ch.

Proof. Let us first, just for the sake of simplicity, adopt the notations:

u = uk, uh = uk,h.

Now, let ūh be the solution of the discrete variational inequality (VI){
a(ūh, v − ūh) ≧ ( f , v − ūh) ∀v ∈ Vh,
ūh ≤ k + rh Mu, v ≤ k + rh Mu.

(22)

where u is the solution of (1).Then, under W1,∞-regularity (21)of u and Mu, using standard L∞ error estimate
for VIs [5], we get

∥u − ūh∥∞ ≤ Ch. (23)

Now, since ūh is solution to the discrete VI (22), it is also a discrete subsolution, that is,{
a(ūh, φs) ≤ ( f , φs) ∀s = 1, 2, ..., m(h),
ūh ≤ k + rh Mu.
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On the other hand, since M and rh are both Lipschitz with constant equal to 1, using (23), yields

ūh ≤ k + rh Mu − rh Mūh + rh Mūh

≤ ∥k + rh Mu − rh Mūh∥∞ + rh Mūh

≤ k + rh Mūh + ∥u − ūh∥∞

≤ k + Ch + rh Mūh .

So, ūh is a subsolution for the QVI with impulse cost k̃ = k + Ch
Let Ūh be the solution of such a QVI, that is, Ūh = ∂h(k +Ch).Then, as uh = ∂h(k), making use of Theorem

9, we get

∥uh − Ūh∥∞ ≤ C |k − (k + Ch)|
≤ Ch.

Hence, due to Theorem 8, we have
ūh ≤ Ūh ≤ uh + Ch,

and putting
αh = ūh − Ch,

we get
αh ≤ uh.

Finally, using (23), we obtain

∥αh − u∥∞ ≤ ∥ūh − u∥∞ + Ch

≤ Ch.

Lemma 4 (Construction of a continuous subsolution). Assume that

max
{∥∥Muk,h

∥∥
W1,∞(Ω)

,
∥∥uk,h

∥∥
W1,∞(Ω)

}
≤ C. (24)

Then, there exists a function β
(h)
k such that: β

(h)
k ≤ uk, and∥∥∥β
(h)
k − uk,h

∥∥∥
∞
≤ Ch.

Proof. Let ū, be the solution of the continuous variational inequality{
a(ū, v − ū) ≧ ( f , v − ū) ∀v ∈ H1 (Ω) ,
ū ≤ k + Muh, v ≤ k + Muh,

(25)

with obstacle ψ = k + Muh. It is clear that uh = σh(k + Muh) is nothing but the approximation of ū =

σ(k + Muh). Hence, as ∥ψ∥W1,∞(Ω) ≤ C, making use of standard L∞ - error estimate for VIs [5], we get,

∥ū − uh∥∞ ≤ Ch. (26)

Now, as the solution of VI (25) is a subsolution, we have{
a(ū, v) ≤ ( f , v) ∀v ∈ H1(Ω), v > 0,
ū ≤ k + Muh , v ≤ k + Muh,
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but, as

ū ≤ k + Muh − Mū + Mū

≤ k + ∥Muh − Mū∥∞ + Mū

≤ k + ∥uh − ū∥∞ + Mū

≤ k + Ch + Mū,

it follows that ū is a subsolution for the QVI with impulse cost k̃ = k + Ch .
Denote by Ū the solution of such a QVI, that is, Ū = ∂ (k + Ch). Then, as u = ∂(k), making use of Theorem

6, we have

∥u − ω∥∞ ≤ C |k − (k + Ch)|
≤ Ch

Hence, making use of Theorem 5, we obtain

ū ≤ Ū ≤ u + Ch.

Now, putting
β(h) = ū − Ch,

we clearly have
β(h) ≤ u.

Finally, using (26), we obtain ∥∥∥β(h) − uh

∥∥∥
∞
≤ ∥ū − Ch − uh∥∞

≤ Ch,

which completes the proof.

Now, combining Lemmas 3 and 4, we are in position to derive the main result, we are in a position to
prove Theorem 10.

Proof. Indeed, making use of both Lemmas 3 and 4, we have

uk,h ≤ β
(h)
k + Ch

≤ uk + Ch

≤ αk,h + Ch

Thus ∥∥uk − uk,h
∥∥

∞ ≤ Ch,

which completes the proof.

Corollary 3. We have ∥∥u0 − u0,h
∥∥

∞ ≤ Ch.

Proof. Using Theorem 10, and Corollaries 1 and 2, we get∥∥u0 − u0,h
∥∥

∞ ≤ ∥u0 − uk∥∞ +
∥∥uk − uk,h

∥∥ ∞ +
∥∥uk,h − u0,h

∥∥ ∞

≤ Ck + Ch + Ck.

Thus, passing to the limit, as k → 0, the desired result follows.
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6. Conclusion

We have derived maximum error estimates of the standard finite element approximation of elliptic
impulse control quasi variational inequalities (QVIs) with vanishing control cost.For this purpose, we
developped a method that stands, in both the continuous settings, on intrinsic qualitative properties of the
QVI like the continuous dependence with respect to the control cost and the characterization of the solution of
the QVI as the least upper bound of the set of subsolutions.
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