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Abstract: This paper deals with the finite element approximation of the elliptic impulse control
quasi-variational inequality (QVI), when the impulse control cost goes to zero. By means of the concepts
of subsolutions for QVIs and a Lipschitz dependence property with respect to the impulse cost, an L error
estimate is derived for both the impulse control QVI and the correponding asymptotic problem.
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1. Introduction

T his paper deals with the standard finite element approximation in the L*- norm of the impulse
quasi-variational inequality (QVI): find u; € H'(Q) such that

{a(”kfv —w) 2 (f,o—u)  Yoe H(Q), )

U <k+Mug,v<k+ Mu, ur>0,
as the impulse cost k goes to zero.

Here Q) is a bounded convex domain of RN, N > 1, with smooth boundary, (.,.) corresponds to the inner
product in L?>(Q), f > 0is a function in L*(Q), a(., ) is the bilinear form

a(u,v) = / VuVo(x) + cuvdx, (2
QO
where c is a positive constant, and M is the nonlinear operator, defined from L® () into itself, by
Mgo(x) =info(x+&);x € QE>0,x+ € Q) 3)

and k is a positive constant.

Let () be decomposed into triangles and let 7; denote the set of all those elements; & > 0 is the mesh
size.We assume that the family 7, is regular and quasi-uniform; let also V}, denote the finite element space
consisting of continuous piecewise linear functions, {¢s}, s = 1,2,..m(h) the basis of V;, and r;, the usual
corresponding Lagrange interpolation operator.

The discrete counterpart of (1) consists of seeking uy j, € Vj, such that

4)

a(up, v —ugp) 2 (f,0—ugp) Yo € Vy,
v <k+ T’hMle/h, Uk i <k+ rhMuk,h.

In this paper, under a W'®- uniform regularity assumption, we derive error estimate for the QVI (1)

H”k - ”k,h”oo < Ch,
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and for the asymptotic problem
Huo—MOIhHoo < Ch, (5)

where 1 is the solution of the continuous asymptotic QVI (as k — 0), that is

a(ug, v —ug) = (f, v—1ug) Yo € H(Q),
ug < Mug, v < Mug, ug >0, (6)

(see [1]), ug, is the solution of the discrete asymptotic QVI (as k — 0), that is,

@)

{ alug, 0 = uop) Z (f, 0= ugy) Yo € H(Q),
uop < rpMugy, v < rpMugy, ugp 2 0,
and C is a constant independent of both / and k.

To achieve this, we develop an approach that, in both the continuous and discrete settings, combines two
key ingredients: a characterization of the QVI solution as the upper envelope of the set of subsolutions, and a
Lipschitz continuity property with respect to the impulse cost.

It’s worth mentioning that the approximation approach developped in this paper is completely different
from the one in [2].

The remainder of the paper is organized as follows. §2 recalls several qualitative properties of the solution
to the continuous QVI (1), establishes its Lipschitz dependence with respect to the impulse cost, and introduces
the continuous asymptotic QVI. §3 presents the corresponding discrete theory: assuming a discrete maximum
principle, we derive analogous qualitative properties for the solution of the discrete QVI (4), and state the
discrete asymptotic QVL Finally, in §4, we give a detailed analysis of the approximation, and convergence
order.

2. Preliminaries

2.1. Elliptic variational inequality (VI)

Letg € L® (Q) and € WY (Q) such that dy/dn > 0 on Q. The following problem is called an elliptic
variational inequality (VI): find w = () € H'(Q) such that

{ a(w,v—w) 2 (g,0v—w) Vo € H(Q), 8)

VY, w7
Theorem 1. [3] Let ¢ and § in WV (Q).Then, we have

lw =@l < 19 =Pl

The discrete analog of VI (8) is the VI: find w), = 03,(y) € V), such that

©)

a(wp,v—wy) 2 (8,0 —wy) Yo eV,
v 1Y, wy < 1.

We assume that the matrix with generic coefficients a (¢;, ¢s) is an M-Matrix.This is the so-called discrete
maximum principle (d.m.p) [4].

Theorem 2. Under the d.m.p, we have
lwn = Onlleo < Y — Plloo -

Theorem 3. [5] Let p € WL (Q) and w € W™ (Q), then

lw = wplle < Ch.
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3. The continuous QVI

Next, we give some qualitative results for the solution of the QVI (1). Indeed, starting from 7° €
H'(Q),the unique solution of the equation

a(d®,0) = (f,v) Yo € HY(Q). (10)
We define the continuous sequence (i}}) such that i} € H 1(Q) solves the variational inequality (VI)

a(AZ,v—ﬁz)Z(f,v—ﬁZ)VUGHl(Q), 1)
P <k+4+ Mo <k+ Myl

Similarly, starting from 11’ = 0, we define the continuous sequence (i) such that i1} € H'(Q) solves the
variational inequality (VI)
{ a(il, v — ) > (f,0— ') Vo € H(Q), 12
< k+ Mo < k+ Mg
Note that due to standard comparison results in elliptic variational inequalities, the sequences (7}') and
(i1}) are decreasing and increasing, respectively.

Theorem 4. [6] Assume that f > fo > 0. Then, the sequences(11}) and (ii}!) defined in (11) and (12), respectively,
converge decreasingly and increasingly to the unique solution uy of QV1. (1).

Definition 1. [6] A function wy € H'(Q) is said to be a subsolution for QVI (1) if

(13)

a(wy,v) < (f,0) Yo € HY(Q), v >0,
wr < k+ Mwy, v <k+ Mw.

Let X denote the set of such subsolutions.

Theorem 5. [6] The solution of QVI (1) is the maximum element of X.

Notation 1. Let k, k be two positive parameters and u; = 9(k), u; = 9(k) be the corresponding solutions to
QVI (1), respectively.

Lemma 1 (Monotonicity property). k > k implies uj > uj.

Proof. We proceed by induction. For n = 0, since M is nondecreasing and k > k, we have k + Mﬁg > k+ Mﬁ,‘g,

which implies that 12]1 > ﬁ%{.Let us now assume that ﬁ,’;fl > ﬁgfl. Then, as k > k, we have k + Mﬁ,’fl >k+M
An—1

g, and making use of standard comparison results in elliptic VIs, we get 1} > ﬁZ Hence, due to Theorem

1, passing to the limit, as n — oo, it follows that uy > u; [

Theorem 6 (Lipschitz property). Under conditions of Lemma 1, we have

e — ]| o < [k~ K| (14)
Proof. Set
o= |k
Then, since
k<k+|k—k
<k+o,
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applying Lemma 1, we get
o(k) < o(k+ ).

But, d( k + @) being the solution of QVI with source term f and impulse cost k + &, and 9(k) + ® being
the solution of QVI with source term f + c.® and impulse cost k + ®, we have, f+c® > f, and hence, by
standard comparison result for elliptic QVIs, d( k + ®) < (k) + @. Thus,

o(k) <a(k) + .

In a similar way we can also get

bawl

(k) < a(k) + @,

which completes the proof. [

Corollary 1. we have
[k —uolloe < k. (15)

Proof. It suffices to take the limit on (14), ask — 0. [

4. The discrete QVI

4.1. Qualitative properties

Next, we shall give analog qualitative properties for the discrete QVI (4).Their respective proofs will be
omitted as they are similar to those of their continuous analogues. Indeed, starting from ug, the unique solution
to the equation

a(2),0) = (f,0) Vo € V),

we define the continuous sequence (ﬁZ h) such that 4}/, € V), solves the discrete variational inequality (VI)

a(@?, ,o—ul',) > (f,o—a, ) Vo eV,
{ (k,h k,h) (f k,h) h (16)

nn ~n—1 ~n—1
g, < k+ rhMuk’h ,o<k+ rhMuk/h .

Likewise, starting from i) = 0, we define the continuous sequence (i1, ) such that i1, € V}, solves the

discrete variational inequality (VI)

a(ii},, v —1p) > (f,v—i},) Vo € Vy, a7
ﬁz,h <k+ rhMﬁzrnflh, v<k+ rhMaZ,nflh'

Note that, due to standard comparison results in discrete elliptic variational inequalities, the sequences
(1) and (ii}!) are decreasing and increasing, respectively.

Theorem 7. [2] Let the d.m.p hold. Then, the sequences (ﬁl’{‘/h) and (i1, ) defined in (16) and (17), respectively,
converge decreasingly and increasingly to the unique solution uy of QVI (4).

Definition 2. A function w;, € V, is said to be a subsolution for the QVI (4) if

{ a(wk,h,v) < (f,U) Vs, (18)

Wi <k+ rpMuwy,, v < k+ rpMuwy,.
Let X, denote the set of such subsolutions.

Theorem 8. [2] The solution of QVI (4) is the maximum element of X,.
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Notation 2. Let k, k be two positive parameters and uy;, = 9;,(k), uz;, = 9;,(k) be the corresponding solutions
to (4), respectively.

Lemma 2 (Monotonicity property). Let the d.m.p hold.Then k > k implies that uy; > Up -
Theorem 9 (Lipschitz property). Uder conditions of Lemma 2, we have
e = ]| < k=R (19)

Corollary 2. We have
(|t =10 oo < k. (20)

5. Error analysis

This section is devoted to demonstrate the proposed approximation method converges in the L® (Q)
norm. The proof stands on the construction of an appropriate subsolution for each of the continuous and
discrete QVIs, respectively. From now on, C will denote a constant independent of both £ and k).

5.1. Error estimate for the QVI (1)

Theorem 10. We have
[ = i oo < Ch-

The proof stands on the following two fundamental lemmas.
Lemma 3 (Construction of a discrete subsolution). Assume that
maX{HM”kHWLOO(Q) : H”k“wl/w(o)} <C 21)

Then, there exists a function ay ), such that:

Qg p < Uk, and
H“k,h — Ukl oo < Ch.

Proof. Let us first, just for the sake of simplicity, adopt the notations:
U =ug, Up = Ugp-

Now, let iij, be the solution of the discrete variational inequality (VI)

{ a(iiy, v — ) = (f,0— 1) Yo € Vy, )

iy <k+r,Mu, v < k+r,Mu.

where u is the solution of (1).Then, under W'®-regularity (21)of u and Mu, using standard L* error estimate
for VIs [5], we get
[ =ty < Ch. (23)

Now, since 17}, is solution to the discrete VI (22), it is also a discrete subsolution, that is,

a(ity, ¢s) < (f,¢s) Vs =1,2,..,m(h),
ity < k+r,Mu.
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On the other hand, since M and r}, are both Lipschitz with constant equal to 1, using (23), yields

iy < k4 ryMu — rp, My, + r, My,
< ||k + ryMu — r,Miy|| o, + r My,
< k+rpMity, + ||u — ity o
<k+Ch +r,Miy.

So, 7y, is a subsolution for the QVI with impulse cost k = k + Ch

Let Uj, be the solution of such a QVI, that is, U}, = 0, (k + Ch).Then, as u;, = 9;,(k), making use of Theorem

9, we get

|up — Uplloo < Clk — (k+ Ch)|
< Ch.

Hence, due to Theorem 8, we have
iy, < Uy < uy + Ch,

and putting
wp =1, — Ch,

we get
Finally, using (23), we obtain

llon — ttlloo < [[itn — uflo +Ch
< Ch.

O
Lemma 4 (Construction of a continuous subsolution). Assume that

max { ||Muk/h’

Wl,oo(Q) ’ uk,h

Then, there exists a function ﬁ,((h) such that:

‘B](fh) < uy, and
o <

Proof. Let ii, be the solution of the continuous variational inequality

a(ii,o—1) = (f,v—1) Vo € H (Q),
i < k+ Muy, v < k+ Muy,

Wiy ) < C.

(24)

(25)

with obstacle ¥ = k + Muy,. It is clear that u;, = 0y,(k + Muy,) is nothing but the approximation of i =

o (k+ Muy). Hence, as ||| 1.0y < C, making use of standard L* - error estimate for Vs [5], we get,

[ = up|o < Ch.

Now, as the solution of VI (25) is a subsolution, we have

a(i1i,v) < (f,v) Yo € H(Q),v >0,
i < k+ Muy, v<k+ Muy,,

(26)
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but, as

i < k+ Muy, — Mii + Mi
< k + ||Muy, — Mii|| , + Mi
<k+|juy — i + Mi
<k+ Ch+ M,

it follows that 7 is a subsolution for the QVI with impulse cost k = k + Ch .
Denote by U the solution of such a QVI, thatis, U = d (k + Ch). Then, as u = d(k), making use of Theorem
6, we have

[ = wlleo < Clk— (k+Ch)|
< Ch

Hence, making use of Theorem 5, we obtain
i <U<u+Ch.

Now, putting
we clearly have

Finally, using (26), we obtain

8% = < la—ch— i
< Ch,
which completes the proof. [

Now, combining Lemmas 3 and 4, we are in position to derive the main result, we are in a position to
prove Theorem 10.

Proof. Indeed, making use of both Lemmas 3 and 4, we have

ey < B 4+ Ch
<ux+Ch
<agy+Ch

Thus
|k — wpen |, < Ch,

which completes the proof. [J

Corollary 3. We have
Huo - uO,hHw < Ch.

Proof. Using Theorem 10, and Corollaries 1 and 2, we get

luo — uop|o < lluto = tticlloo + ||k — thicn || 0o + |10 — Uop | 0
< Ck 4+ Ch + Ck.

Thus, passing to the limit, as k — 0, the desired result follows. O
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6. Conclusion

We have derived maximum error estimates of the standard finite element approximation of elliptic

impulse control quasi variational inequalities (QVIs) with vanishing control cost.For this purpose, we
developped a method that stands, in both the continuous settings, on intrinsic qualitative properties of the
QVl like the continuous dependence with respect to the control cost and the characterization of the solution of
the QVI as the least upper bound of the set of subsolutions.
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