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1. Introduction and preliminary results

L et E be a nonempty set and L a linear class of real-valued functions on E. We consider positive linear
functionals B : L — R such that

B(af +bg) = aB(f) +bB(g), f>0 = B(f)>0, B(1)=1.
The Cauchy inequality [1, p. 113] is our starting point.
Theorem 1. If B : L — R is a positive linear functional, then
B*(fg) < B (fz) B (g2) , (1)
for all real functions f2,¢g?, fg € L.

2. Main results

Lemma 1. If B : L — R is a positive linear functional, then foru : E =+ R,v: E = R,u,v,uv € L, we have

B[(2B(u) — u)(2B(v) — v)] = B(uv). ?)
Proof.
B[(2B(u) — u)(2B(v) — v)] = B[4B(1)B(v) — 2B(1)v — 2B(0)u + uv)
= 4B(u)B(v) — 2B(u)B(v) — 2B(0)B(1) + B(uv)
= B(uv).
O
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Lemma 2. Let B : L — R is a positive linear functional.
(i)Forg: E—=R, g, g2 € L, we have

B ((2B(g) - 8)?) = B(g?). ()
(it) Cauchy inequality is invariant under substitutions
f —2B(f)—f, ¢ — 2B(g) — g
Theorem 2. If B : L — R is a positive linear functional, then for all real functions f, g, fg,f2,g> € L, we have
[2B(f)B(g) - B(fg)| < B> () B (g?). )

Proof. We use the Cauchy inequality (1) and identity (23)

O

Remark 1. A direct consequence of inequality (2) is

B? (f2) B2 (g2) + B(fg)
B(f)B(g) < 5 :

n .
Corollary 1. Assume p; € Ry, Y % = %, and g, gz,fl-, iz, fip’ el i=1,...,n,¢T1" fi € L. Then we have
i=1"

<I18% (i)t (&),

28 (Hf> B(g) - B (ﬁﬁg)

Proof. We use (2) and Holder inequality [2, p. 103] with p; — %

28 (@f) B(g) — B (1_11fg>

O

2.1. Conversions
The next Theorem contains conversions of inequality (2), similar to Cauchy conversions for isotonic linear

functionals (see [3, p. 14]).
Theorem 3. Under the assumptions of Theorem 2, if 0 < m < M < oo and

0 <m(2B(g) —g(x)) < f(x) < M(2B(g) —g(x)), x € E.

Then
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et M
W(%(UB(@—B(@)) > B} () B2 (¢2) — (2B()B(g) - B(fe)).
(Ain:]c;)z (2B(f)B(g) — B(fg))* > (fz) B (gz) — (2B(f)B(g) — B(fg))?

B () B (¢?) — (2B(f)B(g) — B(fg))* <

Proof. (i) With substitution g1 = 2B(g) — g we have

and we get
(Mg1(x) —f(x)) (f(x) —mgi(x)) 20, x € E,
and then
Mf(x)g1(x) — mMgF(x) + mf(x)g1(x) — f(x) > 0,
and

(m+ M)B (fg;) — mMB (g%) —B <f2> > 0.

Since B(g?) = B(g?), B(g1f) = 2B(f)B(g) — B(fg) we proved (i).
(ii) The inequality we can write as
B (f?) + mMB (g?)
m+ M

2B(f)B(g) — B(fg) >

4

and (ii) follows after application AM-GM inequality on the numerator in (7).

(i)
(ii)
(iif)
(iv)
v)

©)

(6)

@)

(iii) From (ii) we have 2”\T/J%(ZB(f)B(g) — B(fg)) > B? (%) B2 (g?) and after subtracting 2B(f)B(g) — B(fg)

we get (iii).
(iv) After subtraction (2B(f)B(g) — B(fg))? in (7) we get result.
(v) If we act with A on (5) we get

mB (&) < B(fe1) < MB (g}),

and then
L= (MB (g%) _B (fg1)> (B (fg1) — mB (g%)) > 0.
On the other hand, if we act with A on (6) we get
0<L:=B(g) B[(Mgi—) (f ~mg1)]
— B (g%) (MB (fg1) — MmB (g§) —B (f2) +mB (fg1)> .

Now
L-L=B (f2) B (g%) — B2 (fgy).

If we denote
U = MB (g%) — B(fg;) and V = B (fg;) — mB (g%) ,
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we conclude 5
u+v
h—QSAZUVSL%fl,

and the result follows.
O

2.2. Inequalities of Aczel, Callebaut and Beckenbach type

In the proof of next result, we need the following lemma (see [1, p, 118]).
Lemma3. If1<a < B <20rf <a <1, then
B(fg) < B (f'g>*) B (f~g") < B (fPg>F) B (P Pg) < B () B ().

Theorem 4. Let B : L — R is a positive linear functional. Let f,g > 0 on E and fg,f7,g7,€ L for 0 < v < 2. Then
foreither1 <a < B <2o0rf <a <1, wehave

[2B(f)B(g) — B(fe)|* < B () B (&)
Proof. By using Lemma 3, we have

[2B(f)B(g) - B(fg))* =[B(f(2B(g) — g))I”

O

Remark 2. Inequality in Lemma 3 is known as Callebaut’s inequality and its first published version is derived
for sequences (see [4]).

Similarly, the proof of the next theorem follows from the B((2B(g)g)?) = B(g?) and use the Lemma (
Aczel’s inequality for isotonic functionals, [1, p. 125]) .

Lemma 4 (Aczél). Let B : L — R is a positive linear functional. If f2,g%,fg € L and g5 — B (g%) > 0( or
f& — B (f?) > 0), where gy, fo are real numbers, then

(fogo — B(fg))* > (£ — B () ) (6 - B (&*) )
Theorem 5. Let B : L — R is a positive linear functional and let f,g > 0 on E. If f2, g2, fg € L and
$-B(g2) >00r 3B () >0,
where fo, g0 € R then the inequality
(fogo — 2B(F)B(g) + B(fe))* = (7 — B ()) (& — B (¢?) ).
holds.

2.3. Further refinements

Let E be a non-empty set, A be an algebra of subsets of E and L be a linear class of real-valued functions
g : E — R having additional property:
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fGL,EleAﬁfCE] €L,

where Cg, is the indicator function of E;.

Let B : L — R is a positive linear functional. Then for every E; € A such that B (Cg,) > 0, the functional

A defined forallg € Lby A1(g) = BleCe) is an isotonic functional with A;(1) = 1.

B (CE] )
Theorem 6. Let B : L — R is a positive linear functional and suppose that the f, f2, ¢, g% € L.

(i) IfEq1 € Ahas B(f(ZB(g)g)CEj) >0, j = 1,2 where E; = E\Eq, then

where

2
8 (1) = 2B(e)Cr (Ne(1)Crr (1) + 7 (§>(éz<iig;g_) 5 ?g)cE

(ii) If Ey € Ahas B(f(2B(g)g)Ck;) > 0, j = 1,2 where E; = E\E,, then

) CE2 (t)

B B(f¢,) ®
2B(f)B(g) — B(fg) ~ 2B(fr,)B(g) — B(fr,8)’
where
- (2B(g)g(t))B(f*Ck,)
fEl(t) = f(t)CE1(t) + ZB(fCEl)B(g) — B(fgCEl)CEZ(t). (9)
(iii) If Ey € Ahas B(g(2B(f) — f)Cg;) > 0, j = 1,2 where E; = E\E, then
B(72) B(fZ)
2B(718(g) ~ B(e) - 25(7e,)B(e) — Bng) o
where
2y — 8(#)B((2B(f) —f)*C,)
Fer (1) = (@B~ ()Cr, (1) + S5 e o D 1), a
(iv) If Ey € Aand B(Cg,) > 0 then
B(¢?) — B(g) > /B ((2B(g) — 8)2Cr,) — 2B () B (Cr,) + B (&C,) (12)
(v) IfE; € Aand B(Cg,) > 0 then
B (f2) B (g2) — 2B(f)B(g) + B(fg) > /B (2Cy,) B ((2B(g) — £)2Cr,) — 2B(g)B (fCr,) + B (faCk, )

We need several lemmas to proof the Theorem 6.

Lemma 5. (See [5] and [1, p. 122]). Let B : L — R is a positive linear functional. Suppose E; € A has B (Cg,) > 0

where Ey = E\E;. Then for g € L such that g is non-negative and g’ € L(p > 1) and B (gCg,) > 0, we have

1/
B(g")"" /B(e) > B (gh,) " /B (er.),

where
gk, (£) = g(1)Cr, (1) + (B (&"C,) /B (eCk,)) "'V Ci, (1).

(13)

(14)
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Lemma 6. (See [5] and [1, p. 122]). Let the non-negative functions f,g : E — R along with f¥,g7,fg € Land p >
1,% + % = 1. Also, let E; € A and positive linear functional B : L — R satisfies B (fgCg,) > 0 and B (g'Cg,) > 0
where E; = E\E;. Then one have

B(fg) " B(fre)’

where

e(DA(F7Ce) |7

]?El(t) = f(t)CEl(t) + B (fgCE )

Cr, (1) (16)

Lemma 7. (See [5, p. 639]). Under assumption of the Lemma 6 the following is valid
B(¢")'/ ~Blg) = B (8"Cr,)" B (Cr,) """ — B (eC)). (17)

and
B (f7)/7 B (g7)"/9 — B(fg) > B (f"Cg,)"'" B (g9Cg,)"/* — B (faCk, ) - (18)

Proof of Theorem 6. (i) If we substitute ¢ — 2B(g) — g in (13) then the function gg, in (14) becomes

B ((2B(g) — g)*C,)
2B (g) B(Ce,) — B (gC,

gk, (t) = 2B(g)Ck, (t) — g(t)Cg, () + ] Cr, ().

(ii) If we substitute g — 2B(g) — g in (16), for p = q = 2. Then the function ]?El becomes

_ 2
fEl ( ) f( )CE1 ( ) 2§(Bf((:gE) )B((gg(;.)zBB(EfgCé;)) CEz (t)' (19)

is well defined since 2B(fCg, )B(g) — B(fgCg,) = B(f(2B(g) — g)Cg,) > 0. Also 2B(f)B(g) — B(fg) =
B(f(2B(g) — g)Ck, ) + B(f(2B(g) — 8)Ct,) > 0.

(iii) First observe 2B(f)B(g) — B(fg) = B(g(2B(f) — f)Cg,) + B(g(2B(f) — f)Cg,) > 0. If we substitute f —
2B(f) — fin (16), for p = q = 2, the function .]?El becomes

_ )2
fir () = @B() ~ ()G, () + S 02 P =) e o),

(iv) Weputp =q =21in (17).
(v) We put ¢ — 2B(g) — g in (18).
O

3. Results for complex functionals

Here we let positive linear functional B : L — R and consider the class ( [1, p. 128])
L={f:E— CRefeLImfelL}
and B : L — C the functional given by
B(f) = B(Ref) + iB(Imf) = Re(B(f)) + i Im(B(f)). (20)
Lemma 8. (See [1, p. 130]). Let g : E — Rand f : E — C be the functions along with g2, |f|? € L,f2,fg € L. Then

one have ,
st < 2o () {5 (7))} o

Lemma9. If B: L — C is linear functional defined with (20), then for f : E — C, f,f> € L, we have
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B ((zB(f) - f)2) — B(f2), 22)
and
B (|2B(f) — %) = B(If1%). (23)
Ifk:E—C, kel fkelL,then
B ((2B(f) — f)(2B(k) — k)) = B(fk). (24)

Proof. From
f=u-+iv, whereu—=Refe L v=ImfelL.

Then
B(f) = B(u) +iB(v)

and
2B(f) —f =2(B(u) +iB(v)) — (u +iv) = (2B(u) — u) +i(2B(v) — v). (25)

If we denote

g=2B(u)—u, h=2B(v)—o,

then
2B(f) —f =g +ih.

Using (1) and (2), we now conclude that
B(g®) = B(u?), B(h*) = B(v?), B(gh) = B(uv). (26)

Now

2 _ 92 4 2iuv, we conclude

Since f2 = u
B((2B(f) — )% = B(f?).
Also [2B(f) — f|? = g2 + h? and using (26) we conclude
B(12B(F) — %) = B(g2) + B(#?) = B(u?) + B(c?) = B(|f[2).
The Eq. (24) can be proved with the same arguments. [

Theorem 7. Let g : E — Rand f : E — C be the functions along with g, |f|*> € L, and f2, fg € L. Then one have
2B(1)B(e) ~ B(fe)* < 5B (&%) {B (1f1") +[B (P)|} @)
Proof. We use Cauchy inequality (21) and
|2B(f)B(g) — B(fe)|* = |B(f(2B(g) —g)) I’
< 58 (8e)-22) {8 () +[(7)]}
38 (&) {2 (1) + |2 (7)]}-
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Alternatively, we could take a complex point of view: we could use (22) and (23).

O
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