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1. Introduction

uantum calculus also called calculus without limits, play very important role in different fields of
Q studies, for instance it has applications in geometric function theory, mechanics, physics, theory

of fimite differences and analytical number theory. Initially it was dealt by g-derivatives/integrals and
h-derivatives/integrals, but now almost all kinds of special functions, integral transforms, and integral
operators have their g-analogues which possess interesting and innovative properties as compared to classical
concepts.

From two recent past decades, applying g-derivatives/integrals a lot of classical inequalities (such as
‘H — H, Ostrowski, Griiss and Chebyshev inequalities etc.) have been generalized. For example, Tariboon and
Ntouyas [1] gave some inequalities by using g-derivatives and g-integrals on finite intervals. Jhanthanam et al.
[2] utilized the concept of differentiable convex function and g-integrals to derive the g-H — H type inequalities.
Gulshan et al. [3] utilized the definition of s-convexity and T integrals to establish the quantum H — H type
inequalities. Alp et al. [4] used the definitions of convex function, quasi-convex function and g-integrals to
obtain the g-H — H and midpoint type inequalities. Noor et al. [5] used the definition of g-integrals to obtain
the g-Ostrowski type inequalities.

The notions of g-derivatives and g-integrals were also generalized in the form of (p,q)-derivatives
and (p,q)-integrals. Chakrabarti and Jagannathan [6] introduced the concept of post quantum calculus or
(p, q)-calculus which based on the generalization of g-derivatives and g-integrals. Tung and Gov [7] introduced
the concept of (p, q)-derivatives and (p, g)-integrals on finite intervals. Also, they derived the Minkowski and
Holder type inequalities for (p, g)-integral. Kunt et al. [8] used the definitions of convex function, quasi-convex
function and (p, q)-integrals to obtain the (p,q)-H — H and midpoint type inequalities. Tung and Gov [9]
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utilized (p, g)-integral to derive Ostrowski, Griiss, Griiss-Chebyshev, Holder, Cauchy-Bunyakovsky-Schwarz
and trapezoid type inequalities.

Shi et. al in [10] introduced the g — h-derivative and the g — h-integral and also proved some inequalities in
implicit form of g- and h-integrals. Chen et. al in [11] proved ‘H — H inequalities for g — h-integrals by using
convex function’s properties.

Recently, Liu et al. [12] gave the generalization of g-derivative, h-derivative, g-integral and h-integral
by defining (g, h)-derivatives and (g, h)-integrals on finite intervals. Further, they derived g-H — H type
inequalities for differentiable convex function via g — h-integrals. All the aforementioned inequalities are also
very frequently analyzed for fractional integral operators, we refer the readers to [13-16].

Our aim in this paper is to define (p,q) — h-derivatives and (p,q) — h-integrals on finite intervals. By
applying the notion of (p,q) — h-integral, we derive the H — H type inequalities for convex and differentiable
function. The presented results lead to published results in [4,8,12,17], under certain assumptions.

Next, we give the definition of convex function and the well known H — H inequality as follows:

Definition 1. Let f : [a,b] — R be a real function. The function f is said to be convex, if
f(tu+ (1 - t)0) < tf(u) + (1 - 1) (o),
valid for t € [0,1], u, v € [a,]].
The classical H — H inequality for convex function is stated below [18]:

Theorem 1. Let f : [a,b] — R be a convex function. Then for u, v € [a,b], u < v, we have:

F(*57) < 5 [ ra < LTI, "

The inequality (1) has attracted several researchers working in the field of fractional calculus and quantum
calculus. This inequality has been extended and generalized for different types of functions and integrals. For
more details related to the inequality (1), see [16,18] and references therein. In the upcoming section, we give
some basic definitions related to g-calculus, (p, q)-calculus and (g, h)-calculus.

2. Preliminaries and definitions

First, we define g-derivative, h-derivative, (p, g)-derivative and (g, h)-derivative as follows:

Definition 2. Let f be a continuous function defined on an interval I of real line R. Then for 0 < g < 1, the
following expression [19]:

flqt) — f(1)
D, f(t) = ———=—, ()
qf( ) (q — 1)t
is called g-derivative of the function f(t). For h € R, the following expression [19]:
_ [t —f(t)
Dif(t) = F—— 2, @)
is called g-derivative of the function f(t). For 0 < g < 1and p < 1, the following expression [6]:
t) — f(pt)
O =
is called (p, q)-derivative of the function f(t). For 0 < g < 1and h € R, the following expression [12]:
t+h))— f(t
pi sy = £ ) — () -

(g—Dt+qh

is called (g, h)-derivative of the function f(t).
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Next, we give the definitions of g-derivatives and g-integrals on finite interval [u, v].

Definition 3. [1,17] Consider a continuous function f : I C [u,v] — R. Then for0 < g < 1and t € [u, v, the
following expressions:

qu(t) — f(qta(_ll_)?t)i)u) f( ) i’ 7& u, (6)
oD, f(t) = f(qtz;(_ 1)?23)0) f(t) t4o, @)

are called g"-derivative and g°-derivative of the function f(t).

In above definition, for t = u we have "D, f(u) = tlim “Dyf(t) and for t = v we have “D,f(v) =
—u
tlim “Dyf(t). Also, for u = v = 0, the expression of g-derivative (2) is obtained. The definite g-integrals are
—0

defined as follows:

Definition 4. [1,17] Consider a continuous function f : I C [u,v] — R. Thenfor 0 < g < 1and t € [u, v, the
g"-integral and g°-integral are defined by:

/utf(f)“dqtz (1—g)(t —u) ioﬂﬂf(q”ﬂr(l—q”)u)f ®)
n=

/tvf(f)”dqt =1-q@-1) ioq”f(q'” +(1—g")0). ©)

. =

Next, we give the definitions of (p, q)-derivatives and (p, q)-integrals on finite interval [u, v].

Definition 5. [7,20] Consider a continuous function f : I C [u,v] — R. Thenfor0 < g < p <landt € [u,7),
the following expressions

WP flat+ (1 —q)u) — f(pt+ (1 —p)u) u

Dy f(t) = R Jt#u, (10)
and

o flgt+ (1 —q)v) — f(pt+ (1 —p)o) ;

Dyf(t) = I S t# 0, (11)

are called gp-derivative and gj-derivative of the function f(t).

In above definition, for t = u we have “Dgf(u) = lim;_, ”Df;f(t) and for t = v we have UD[’;f(v) =
lim; Z’D,I; f(t). Also, for u = v = 0, the expression of (p,q)-derivative (4) is obtained, for u = v = 0 and
p = 1, the expression of g-derivative (2) is obtained.

Definition 6. [7,20] Consider a continuous function f : I C [u,v] - R. Thenfor0 < g < p <1landt € [u,7v],
the gp-integral and g;-integral are defined by:

/f dpt— (p—q)(t—u) ;PL (pqt+(1pZL>u), (12)

/f (hvdht = (p - q)(vt)X:qufQMJrl +<1 pZL)ZJ)' (13)

For p =1, (p, q)-integrals (12) and (13) reduce to g-integrals (8) and (9) respectively.
Recently, Liu et al. [12] gave the definitions of (g, h)-derivatives and (g, h)-integrals on finite interval [u, v].
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Definition 7. Consider a continuous function f : I C [u,v] — R. Thenfor0 < g < 1,h € Rand t € [u, 7], the
following expressions

flgt+ (1 —q)u+qh) — ()

nDaf(t) = S t#Eu, (14)
o @Dt + i
e Flgt+ (1— g0+ qh) — £(1)
t+(1—¢q)v+qgh)— f(t
op, f(t) = 11  t#0, (15)
WPaf (- 1)(t—0) + g
are called gj;-derivative and gj-derivative of the function f(t).
Classical Calculus
Derivative / Integral
g-Calculus h-Calculus
Dqf Dnf

(p,q)-Calculus (gq,h)-Calculus

DP-,qf ngf

(p,q)-h Calculus
New definitions in this paper

Figure 1. Relationship among classical, quantum, and generalized derivatives/integrals introduced in §2.

In above definition, for t = u we have |'D;f(u) = tlim #Dyf(t) and for t = v we have D, f(v) =
—Uu
tlim iDyf(t). Also, for u = v = 0, the expression of (g, h)-derivative (5) is obtained, for u = v = 0 and
—0

q — 1, the expression of h-derivative (3) is obtained, for # = v = 0 and / = 1, the expression of g-derivative
(2) is obtained. The definite (g, h)-integrals are defined as follows:

Definition 8. [12] Consider a continuous function f : I C [u,v] — R. Thenfor0 < g <1,h € Rand t € [u, 7],
the gj;-integral and gj -integral are defined by:

nZef(t) /f —q)(t —u) +qh) i}q"f(q”H(l—q”)quw”h), (16)
0=
nZaf(t) /f —q)(v—t) +qh) i q"f(q"t + (1 —q")v+nq"h). (17)

For h = 1, (g, h)-integrals (16) and (17) reduce to g-integrals (8) and (9) respectively.

In next section, first we define (p, q) — h-derivatives and (p,q) — h-integrals on finite interval [u, v]. Then
the H — H type inequalities for convex and differentiable functions via 6]’;, y-integrals are established. In §4,
we establish the H — H type inequalities for convex and differentiable functions via qz_ y-integrals. The special
cases of the presented results are also given.

3. (p,q) — h-Hermite-Hadamard type inequalities

First, we define (p,q) — h-derivatives and (p, ) — h-integrals on finite interval [u, v], as follows:
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Definition 9. Consider a continuous function f : I C [u,v] - R. Thenfor0 < g<p <1,h e Randt € [u,7],
the following expressions:

upp fgt+ (1 —q)u+qh) — f(pt + (1 = p)u)
WPaf) = (= p)(E— ) + g S 8

0P flgt+ (1 —q)o+qh) — f(pt+(1—p)o)
WPrs) = (4 p)(E—2) + g A ()

will be called q;L ,~derivative and qZﬁ ,-derivative of the function f(t).

In above definition, for t = u we have ZDf;f(u) = tlim L‘D];f(t) and for t = v we have zD,?f(v) =
—u
tlim sz; f(t). Also, for p = 1, the expressions of (g, h)-derivatives on finite interval (14) and (15) are obtained,
—0

for h = 0, the expressions of (p,q)-derivatives on finite interval (10) and (11) are obtained, for p = 1 and
h = 0, the expressions of g-derivatives on finite interval (6) and (7) are obtained, foru = v = 0and p = 1,
the expression of (g, h)-derivative (5) is obtained, for u = v = h = 0, the expression of (p, q)-derivative (4) is
obtained, foru = v =0, p = 1 and g — 1, the expression of h-derivative (3) is obtained, for u = v = 0 and
p = h =1, the expression of g-derivative (2) is obtained.

Definition 10. Consider a continuous function f : I C [u,v] - R. Thenfor0 < g < p < 1,h € R and
t € [u,v], the g" p—h" and g7 p— ,-integrals denoted by ; jf fand ”jf f respectively, are defined by:

] h
LTPF() /f t) it = ((p—q)(t — u) + qh) Z piy+1f(pf7+1 +< —;;;H)u%—iy?jnﬂ), (20)
and
o q' Ui "y

In above definition, for p = 1, the (p,q) — h-integrals reduce to (g, h)-integrals (16) and (17) respectively.
For h = 0, the (p,q) — h-integrals reduce to (p, q)-integrals (12) and (13) respectively. For p = 1 and h = 0, the
(p,q) — h-integrals reduce to g-integrals (8) and (9) respectively.

Example 1. Let0 < g < p <1,h € Rand f(t) = t. Then we have:

v+(1—p)u ) 2y
s = [ = o -oe-w e (B LY (1)), @
Ju p*—q? =0 \P
and
v v v + h & 21
hjqpf(t) = /pu+(1fp)vt hdgt = (p(p q)(v—u)+ qh) (Zu vq 7 ; ( ) ) (23)

Now, by utilizing qzih—integral, we prove three versions of the H — H inequality for convex and

2y
differentiable functions. In whole results, we assume the sum of the series } 7° (7 (%) equal to C.

Theorem 2. Let f : [u,v] — R be a convex function on (u,v) such that 0 < u < v. Then for 0 < g < p < 1, and
w_ -integral, we have

Ty
qu + pv 1 ) mh{ 1 po+(1—p)u gy
f< V+q>(P_q G S(P@—ﬂﬂv—u%+W)/ f(8) gt

< A S
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Proof. Since, f is convex function it has at least one line of support at each ¢, = ql;isv in (u,v). The lines of

support for f are denoted by Q and defined as follows:

-1 () en(-3). welr (535 (539)]

As line of supports are always lie below the graph of a convex function, therefore we have

qu + po qu + po
f< v+4q >—0—m(t—p+q> < f(t), Vteluv. (25)

By applying on both sides of (25), qz_ ,-integral, we have
po+(1—p)u qu + po qu + po po+(1—p)u
e f——— ”dpt</ tidrt. 26
/u <f<r)+q>+m< P+q>>”_u f Wiy 20

The above inequality (26), can be written as follows:

qu+po\ [potd-pu po+(1—p)u qu+ po\ [ro+1-pu
f( pta >/ iyt -+ m / it = g / gt

+1-p)
</ T f e, 27)

For f(t) = 1 in (22), we have the following identity:

po+(1—p)u _ _

/ ughy — plp—q)(0—u) +qh (28)
u pP—q

By using (22) and (28) in (27), then after simplification, the first inequality of (24) is obtained. Now, on the

other hand, let K be a function which expressing the line connecting points (u, f (1)) and (v, f(v)) as follows:

K(t) = f(u) + M(t— ).

v—u
As we know that f is a convex function on [1,v] and for this the inequality f(t) < K(t) holds true.
Therefore, the following inequality holds:

M(t —u), YV teluuvl. (29)

0o—u

f() < fu) +
By applying both sides of (29), qg_ ,-integral, we have

/L.pv+(1p)uf(t) stt - ./.sz»(l*P)ll (f(u) n M(t . Ll)) stf (30)

Ju u v—u

The above inequality (30), can be written as follows:

+(1-p) +(1-p) _ +(1-p) +(1-p)
[ o< st [ g L ([ g O ).

u v—u
By using (22) and (28) in (31), then after simplification, the second inequality of (24) is obtained. [

Corollary 1. Let f be differentiable. Then (24) reduces to the following inequality:

qu + po 1 / M h£ 1 po+(1—p)u i
f( p+q ) (PQ)+f < p+q >p2 = (P(P—q)(v—u)—i—qh)/u f(t)ydgt
< W) +pflo) | flo) = fw) T 32)

P2 — 2 v—u  p?
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qu+po
p+q
the inequality (32) is achieved. [

qu+po

Proof. At point pTq

we have unique line of support with m = f’ ( ) By using this value of m in (24),

Corollary 2. For h = 0in (24), the following inequality holds [8, Theorem 3]:

qu + po 1 porQ=plu o p, _ af(u) +pf(o)
f( p+q )S P(v—u)/u f(t)odyt < p+qg (33)

Corollary 3. For p = 1in (24), the following inequality holds:

f(qluj‘;)) ( : ‘7) mht < ((1- vl—u ) +qh) /uvf(t)zd}’t

< qf(1)—+qf( ) S Z)):i‘(u)hg (34)

Corollary 4. For h = 0 and p = 1 in (24), the following inequality holds [4, Theorem 6]:

f<q1u—:—qv)_ (v—u) /f udl (l)—:_qf() (35)

Remark 1. 1. For p = 1 in (32), the H — H type inequality for (g, h)-integral given in [12, Theorem 3] is
obtained.
2. Forp =1,h =0and g — 1in (32), the classical H — H inequality is obtained.

Theorem 3. With the same conditions of Theorem 2, the following inequality holds:

putqo 1 (p—q)lo—u) h 1 porQ-p
f( pta )(P—q>+m( P> =g +p2§> S S —a)(o—u) + g Ju f(t) pdgt

h
L W) +pf) | f0)~ f) 56
P —q v—u  p?
Proof. Because f is convex function, for t, = £ ZIZU in (u,v) it must has at least one line of support. Let we

represent it with Qj, that is

u+qu pu—+qo r [ pu—+qo , [ pu+qo

o =r (g ) en( ) melr () (50
=I5 Pt e )7 Uy

A line of support lies below the graph of a convex function, hence in terms of inequality one have

f(p;j:;’v>+m<t—f’;igv> < f(t), Y teuo) 37)

By applying both sides of (37), q;_ p-integral, we have

po+(1—p)u pu+qo pu+ E]U)) po+(1—p)u
t— ughy < t)udlt. 38
) (f( P+q>+m< pta i< |, F®ids (38)

The inequality (38), takes the following form:

pu + qo /PU+(1P)u u Py (/pv+(lp)ut”dpt— (pu—i—qv) /PU+(1P)M ”dpt>
f<P+q>u AN TN pta ) "

po+(1—p)u
< / F(t)Ldbt. (39)

By using (22) and (28) in (39), and simplifying one can get the first inequality of (36). The proof of second
inequality, we left for the reader. [J
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Corollary 5. Let f is differentiable. Then (36) reduces to the following inequality:

() ) v () (5 )

1 po+(1-p)
< t)idh
< G- ne vk (i
< 30[) | f0)=fwE 0
Proof. Atpoint ? ZIZU line of support will be unique and m = f’ (p ;‘Igv> . By using this value of m in (36), one

can get the required inequality (40). O

Corollary 6. For h = 0 in (36), we have:

pu + qo (p—q)(o—u 1 petQep e qf () + pf(0)
f( P+17>+m (p+q) SP(v—u)-/u f(t)odyt< ptq “h

Corollary 7. For p = 1in (36), we have:

1(757) (=) o

(?4— * C) ((1— vl—u ) +qh) /uvf(t)ﬁd;t

qf() f() f(o) — f(u)
T he. (42)

IN

Corollary 8. For h = 0and p = 1 in (36), the following inequality holds:

u+qo (1—9g)(v—u) e (u) + f(v)
f(1+q)+m (1+9) = v—u/f dl T' 43

Remark 2. 1. For p = 1 and h = 0in (40), the H — H type inequality for g-integral given in [4, Theorem 8] is
obtained.

2. For h = 0in (40), the 1 — H type inequality for (p, q)-integral given in [8, Theorem 4] is obtained.

3. For p =1,h = 0and g — 1in (40), the classical H — H inequality is obtained.

Theorem 4. With the same conditions of Theorem 2, the following inequalities are valid:

/ (uf]) (pl—q> i (W+Zz€> = P(P—El)(;—u) T /W(lp)uf(t)zdgt

W) +pf(@) | f(0) ~ fw) i "
p? —q2 v—u p?
Proof. Because f is convex function, for ¢, = ”TH’ in (u,v) it must has at least one line of support. Let we

represent it with Oy, that is

Qz(t)_f<u;v>+m(t_u42rv>, me{f,(quv) f+<u+v>}

A line of support lies below the graph of a convex function, hence in terms of inequality one have

f(”;v>+m<t—”;rv)gf(t), YV te uo]. (45)

By applying both sides of (45), q’}ji ,-integral, we have

po+(1—p)u u+ov u-+ov y po+(1—p)u y
/u <f< : ) +m <t— 2)) bt < /u f(t)pabt. (46)
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The inequality (46), takes the following form:

u+o po+(1—p)u po+(1—p)u uto po+(1—p)u po+(1-p)u
f( 5 )/u ngt+m(/u thdit— (2)/11 ,‘;dfﬁ) g/u f(t)hdht.

(47)

By using (22) and (28) in (47), and simplifying one can get the first inequality of (44). The proof of second
inequality, we left for reader. [J

Corollary 9. Let f be differentiable. Then (44) reduces to the following inequality:

/ (qurv> (pl—q) +f (u?)) ((pZsz)(—vq_)u) 26) (P(P—q)(s— u) + qh) ﬁﬁ(l_ﬂblf(t)zdgt

<A [ S0

Proof. At point 42 line of support will be unique and m = f’ (%42). By using this value of m in (44), one can
get the required inequality (48). [

Corollary 10. For h = 0 in (44), we have

uto)  (p—q)(v—u) v ety o af () + pf(©)
f<2)+ 2(p +4) Sp(v—u)/ R @

Corollary 11. For p = 1 in (44), the following inequality holds:

f<u;rv> (1111)“1( E]1+q i g) ((1- vl—u ) +qh) /uvf(t)zd;t

qf() f() f(v) — f(u)
L (50)

Corollary 12. For h = 0 and p = 1 in (44), the following inequality holds:

u+o (1—q)(v—u) i qf (u) + f(v)
F(50) ety < g s < TS oY

Remark 3. 1. For p = 1 and & = 0in (48), the H — H type inequality for g-integral given in [4, Theorem 9] is
obtained.

2. For h = 0in (48), the 1 — H type inequality for (p, g)-integral given in [8, Theorem 5] is obtained.

3. For p = 1in (48), the H — H type inequality for (g, h)-integral given in [12, Theorem 5] is obtained.

4. Forp =1,h=0and g — 1in (48), the classical H — H inequality is obtained.

4. (p,q) — h-Hermite-Hadamard type inequalities for q;_ ,-integral

In this section, we prove the three versions of the (p,q) — h-H — H inequalities for convex function via
qz_ p-integral. Also, for differentiable function these versions are given.

Theorem 5. Let f : [u,v] — R be a convex function on (u,v) such that 0 < u < v. Then for 0 < q < p < 1, and

v

qpfh—integml, we have
qu + po 1 hi v—u 1 v o
f< pta > <pq> +m(P2 p+q) [ TR AL
o PO T af(@) | )~ fw) ke )

P> —q v—u  p?
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Proof. By applying both sides of (25), qzih—integral, we have

? ‘7“+PU> ( quﬂﬂf)) ogpp < [° 0P
— | tm|t— — dpt < £) Tdgt. 53
/pu+<1—p>v <f< p+a pra ) IS g O H )
For f(t) = 1in (23), one can get the upcoming identity:
[ — —
/ balp — plp—q)(o—u) +qh (54)
put(1-p)o P—4

By using (23) and (54) in (53), then after simplification, the first inequality of (52) is obtained. Now, for the
second inequality, applying both sides of (29), q;;i ,-integral, we have

’ v 0 f(0) = f(u) 0
/p f(t) pdit < /w(limv (f(u) + (- u)) ndlt. (55)

u+(1—p)v [

By using (23) and (54) in (55), then after simplification, the second inequality of (52) is obtained. O

Corollary 13. Let f be differentiable. Then (52) reduces to the following inequality:

qutpey (1 ) (quﬂﬂv) (hévu) 1 v 047
f( ptaq )(P—q A AV SP(P_Q)(U_”)"‘qhX/rJu+(1—P)vf(t)h 7t

< P +af) | f0) = F0) I 56
p=—4q v—u . p
Proof. At point quZU line of support will be unique and m = f’ (%) . By using this value of m in (52), one

can get the required inequality (56). O
Theorem 6. With the same conditions of Theorem 5, the following inequality is valid:
pu+qv> ( 1 ) mh{ 1 /‘U 0P
+ < X t)5dgt
f( pra ) \o—a) T S w g S

< Pf(;lg fz{(v) 4 f(vz)]:i(u) l;g_ (57)

Proof. By applying both sides of (37), q;L y-integral, we have

v Pu+qv> ( rm+qv>) o P v 0P
+m(t— Pt < 1) 2dFt. 58
/P”+(1—P)U <f< P+q " p+q e pu+(1—p)vf( )it (58)

By using (23) and (54) in (58), then after simplification, the first inequality of (57) is obtained. The proof of
second inequality is left for reader. [

Corollary 14. Let f be differentiable. Then (57) reduces to the following inequality:

pu+qv> ( 1 ) ,<pu+qv> hg 1 v 0P
+ =2 < X £ vdrt
f( p+q p—q f p+q ) p* = p(p—q)(v—u)+qh /pu+<1—p>vf()”

e ®

pu+qou
ptq
can get the required inequality (59). O

pu+qou

Proof. At point i

line of support will be unique and m = f’ ( ) . By using this value of m in (57), one
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Remark 4. 1. For p = 1 in (59), the H — H type inequality for (g, h)-integral given in [12, Theorem 4] is
obtained.
2. Forh =0and p = 1in (59), the H — H type inequality for g-integral given in [17, Theorem 12] is obtained.

Theorem 7. With the same conditions of Theorem 5, the following inequality is valid:

(52) (75) (57 e o 90

P2 2(p+q)) ~ plp—q)(v—u)+qh . pu+(1—p)o
< pf(;ﬁjg{(v) +f(vz)):£(u)zg 60)

Proof. By applying both sides of (45), qzih—integral, we have

v u-+v u+ov v
t———) ) pdjt < t) dbt. 61
/Pu+(1—p)v <f< 2 >+m< 2 )) hean = /pu+(1—p)yf( ) g (61)

By using (23) and (54) in (61), then after simplification, the first inequality of (60) is obtained. The proof of
second inequality is left for reader. [

Corollary 15. Let f be differentiable. Then (60) reduces to the following inequality:

! (u;v) (Piﬁl> o (u;v> (l;g - 2(Up+uq)> = P(P—Q)(;—“) k" /:v;(l—zﬂ)vf(t)zdgt

pf(;g ¥ sz(v) iR zg (62)

IN

Proof. At point 42 line of support will be unique and m = f’ (%42). By using this value of m in (60), one can
get the required inequality (62). O

Remark 5. For p = 1in (62), the H — H type inequality for (g, h)-integral given in [12, Theorem 6] is obtained.

5. Conclusion

This paper has presented new Hermite-Hadamard type inequalities in the framework of (p, ) —h calculus
for convex and differentiable functions. The results unify and extend several earlier inequalities, showing that
the (p, q)—h setting is a versatile tool that naturally recovers known cases such as ¢-, (p, 7)-, and (g, h)-integrals.
These findings strengthen the role of generalized convexity in quantum analysis and provide a basis for
applications in optimization, approximation theory, and numerical methods. Future research may extend
these inequalities to broader classes of functions and explore their utility in applied sciences and engineering.
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