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1. Introduction

T he field of mathematical inequalities and their applications has an important place in the literature of
modern applied analysis. Mathematical inequalities have a strong background regarding their deep

connection with convex functions. These two areas collectively have a lot of applications in various fields of
art, science, engineering, and technology [1-7]. Among these mathematical inequalities, Jensen’s inequality
is the most prominent. This inequality was first presented by Danish mathematician Johan Jensen in 1906, it
generalizes the classical convexity, and it is described as [8, p. 43]:

n
Theorem 1. If ¥ : [61,02] — R is a convex function and yy € [01,02], 06 > 0fork =1,2,..,nwith0 < py, = ¥ px,
k=1
—_ 1 n
andy = o kgl OkYx. Then

1 n

— ) oY (vi), 1)
o

known as Jensen’s inequality in the literature.

The generalization of the above celebrated inequality in the Riemann integral sense is provided as [9]:

Theorem 2. Let [61,0,] C Rand By, B : [a1, 2] — R be two measurable functions such that B1(x) € [61,62], Vx €
(a1, ap). Further, suppose that the functions By, B1p2 and (¥ o B1).Ba are integrable on [aq,az) for ¥ : [61,62] — Ras
cznvexfunction. Also, suppose that Bp(x) > 0 on [ag, az], f:‘lz Ba(x)dx = B > 0,and p = ﬁ ;‘12 B1(x)Ba(x)dx
then

¥(B) <5 [ (Fop) P2l @

We recall the well-known Holder inequality, which is given by [8, p. 124]:
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Theorem 3. For exponents t1,t, > 1 with %—0—% = 1 and positive tuples p = (p1,p2,...,pn) and q =
(91,92, - - -, qn), Holder’s inequality states:

. . Vh o, 1/t
Y pide < (Z Pf}) (Z qff) : 3)
k=1 k=1 k=1

The following celebrated inequality, due to Hermite and Hadamard [10], holds:

Theorem 4. For a convex function ¥ : [a1,x3] C R — R, the mathematical form of Hermite-Hadamard inequality is

®1 + & 1 &2 T((X]) —|—T(D{2)
‘F( . )gaz_al/al ¥(x)dx < T @

Here, we recall some well-known generalizations of convex functions that will be used throughout this
work.

Definition 1 (Convex Function). A function f : D C R — Ris said to be convex, if forallx,y € Dand t € [0,1],
the following inequality holds:

fltx+ (1 =ty) <tf(x) + (A= H)f(y).

Definition 2 (Strongly Convex Function). A function f : D C R — R is called strongly convex with modulus
C>0if

flbe+ (1 =t)y) <tf(x) + (1= H)f(y) - %f(l = )x—yl?,
forallx,y € Dand t € [0,1].

Definition 3 (s-Convex Function in the Second Sense). Lets € (0,1]. A function f : D — [0, o0) is said to be
s-convex in the second sense if

fltx+ (1 =t)y) <E£f(x)+ 1 =1 f(y),
forall x,y > 0and t € [0,1].

Definition 4 (m-Convex Function). A function f : [0,b] — R is said to be m-convex, where m € [0, 1], if
fltx+m(1=t)y) < tf(x) +m(1—1)f(y),
forall x,y € [0,b] and t € [0, 1].

Definition 5 ((«, m)-Convex Function). Let a,m € [0,1]. A function f : [0,b] — R is said to be («, m)-convex, if
forall x,y € [0,b] and t € [0, 1], the following inequality holds:

fltx+m(1—t)y) <t f(x) +m(1 -t f(y).

Definition 6 (7-Convex Function). f Let 7 : R X R — R be a bifunction. A mapping f : D C R — R is called
n-convex if

fltx+ (1 =ty) <tf(x) + A= 0)f(y) + 1 =) n(f(x), f(¥),
forallx,y € Dand t € [0,1].

Definition 7 (Strongly 77-Convex Function). A function f : D C R — R is said to be strongly n-convex with
modulus C > 0 if

flex+ (1= 1)y) S tf(x) + A= Of () + Q=1 n(f(x), f(y) = CHL— 1) (x —y)?,

forallx,y € Dand t € [0,1].
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2. Main results

This section is dedicated to some new generalized upper bounds for the gap of left and right hand sides
of the celebrated Jensen inequality through various generalized convex functions. The following theorem is
about an upper bound for the Jensen gap (JG) for strongly convex functions. This function actually strengthens
the results.

Theorem 5. Let ¥ : [61, 2] — R be the first order differential function such that [¥'|1 is strongly-convex with modulus
Cand for q > 1.Let y € [01,02], px € Rforeachk € {1,2,...,n} with ké Pk =pPn #0,and j = Pin kﬁ}l OxYk € [01,02],
then

Pk y yk)

-

CLIESE c<y-—yk>2)5. -

n
; oxY (vx) 2

3

1
On

Proof. Without loss of generality, if 7 # y for k = {1,2, ..., n} then through integration by parts we have

5ok =yk) e, e —yi) [ (7 + (1= Hy) |1
gkkA?%w+ﬂ—ﬂwdt Z k k{ ! kL}

Pn Pn Y=Yk
Implies that
n 7 — 1 1 M
)y M/ Y(t7+ (1 - Hydt =¥ (7) — — Z o (yi)-
k=1 On 0 [
Taking the absolute value of the above inequality, and applying triangular inequality, we deduce
n_ Ly <y [Ty | [ g p
¥(y) - o Z P (yi) Z o | ¥ (t7 + (1 = Hye)ldt. (6)
k=1 n

Applying Holder inequality on the right-hand side of (6), we obtain

o (7 — i)

1 1
00 ([ + (- ) Q

1
q

ek (7 — yx)
On

([ alv @i+ a-oreol - - - )

k=1
Calculating the integral in the above inequality, we obtain (5). [
The following theorem presents a generalized upper bound for the JG through s-convex functions.

Theorem 6. Let ¥ : [61,02] — R be the first order differential function such that [¥'|7 is s-convex for ¢ > 1. Let
n n
Yk € [01,02], 0k € R foreach k € {1,2,...,n} with Y py = pn # 0, and j = i Y. prYx € [61,062], then
k=1 k=1

Pk]/ Yk)

-

n
Z oY (k)

<|T/ |q+ |1P/(yk)|q> . (8)
s+1

<X

1
Pn
Proof. Given that, [¥’|7 is s-convex therefore (7) inequality becomes

M (/ol(tsl‘f’(y‘)l" +(1- f)swl(y")th) |

On

n
| (7) — Zk‘l’yk

1
On

Calculating the integral in the above inequality, we get the desired inequality (8) O
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The following theorem presents a bound in generalized form for the JG through m-convex functions.

Theorem 7. Let ¥ : [61,02] — R be the first order differential function such that [¥'|7 is m-convex for q > 1. Let
n n
Yk € [01,02], 06 € R foreach k € {1,2,...,n} with Y py = pp #0,and j = pl7 Y. OkYk € [01,02], then
k=1 k=1

Pky Vi)

-

©)

(mrf'(y-w; |‘P'<yk>q>$

n
2 exY (k)

<X

1
On
Proof. Given that, [¥’|7 is m-convex therefore (7) inequality becomes

‘ . A= (it )1+ (01— 1)1 (1)

Pn

<y

n
Z exY (k)
k=1 k=1

1
Pn

Calculating the integral in the above inequality, we obtain (9) as follows.

o1y = | ok (7 — yi) rvig [ / 1 7
’ ) - o Lot < 1| P2 (i@ [Cas 19 wor [ - nar)
_ v e —y) reviac ) 1\7
= 3 [P (¥ )9(3) + 19 0015 )
[T =) | (@)1 Y )7 7
_k; Pn ( 2 )

Which concludes the required result. O

The following theorem proposes another generalized bound for JG, mentioned therein.

Theorem 8. Let ¥ : [61,62] — R be the first order differential function such that [¥'|7 is (x, m)-convex for g > 1.Let
n n
Yk € [01,02], 06 € Rforeach k € {1,2,..,n} with Y py = pn # 0, and j = Pln Y PkYk € [01,62], then
k=1 k=1

n

Y o (i)

1 (7 — i)
Pn =1

(
Pn

(\f’(y-)|q+m|‘1”(yk)q>‘l7 (10)

‘T(g) B a+1

n
<)
k=1

Proof. Given that, [¥’|7 is (a, m)-convex therefore (7) inequality becomes

ATV ([ )+ — ) (1)

On

k=1

Calculating the integral in the above inequality, we obtain (10) as follows:

|W>‘p1n oertu)| < 5|2 (lwiapp [ eaeme wp [ )
= 3 | ([ @) )+ ¥ el )
[T ) | (E @ gl
71; Pn < a+1 >

Which concludes the final result. [

The following theorem also gives a new generalized bound for JG, for 17 — convex functions.
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Theorem 9. Let ¥ : [61,8,] — R be the first order differential function such that |¥'|7 is  — convex for g > 1. Let
n n
Yk € [01,02], 06 € Rforeach k € {1,2,..,n} with Y py = py # 0, and j = p% Y. OkYk € [01,02], then
k=1 " k=1

ex(T — yi) y ]/k)

Y(7) -

(1 s+ TCF DY 1) a

2 exY (k)

<L

_t
On
Proof. Given that, [¥'|7is 7 — convex therefore (7) inequality becomes

A= ([l + g @I 18 ) ) )

<L

1 n
¥ (y) 7.072 oY (vx)

Calculating the integral in the above inequality, we obtain (11) as given by the following calculations.

‘ @) - Lot < 1 |BEI([Lrwgopars [ @), 1¥ o)
= 3 [0 (i [ aar-4n (e @) 1 o) [ )
T 9| (g (¥ @I, 1% (o)l \ 7
= 3 | (1l + Ll

Thus concludes the desired result. [
Another theorem which presents a generalized bound for JG through strongly #-convex functions.

Theorem 10. Let ¥ : [61,5,] — R be the first order differential function such that |¥'|1 is strongly n-convex for g > 1.
n n
Let yy € [01,02], px € R foreach k € {1,2,...,n} with Y, px = pn # 0, and j = p%, Y. PkYk € [01,02], then
k=1 k=1

pk y yk) (|T/(yk)|q + ’7(|‘I”(?)|‘7, \‘If’(l/k)|‘7) . n(y_ yk)2> 117 . (12)

<L

2 6

1 n
¥ (y) *;Z e (vr)

Proof. Given that, [¥’|7 is strongly #7-convex therefore (7) inequality becomes

ey

o7 — yi)
On

([ a2 @+ ¥ @, 1 ol = nia = 07 - o)

Pn =2
n - 1 1 %
< 3 PRI (1 [ n( @)1 o) [ st 0 - y? [ 10 - 0
07 =9 | (1t 4 IUT @I Y 1) 07— )\
| (1w i+ ST g v )

Thus concludes the desired result. [

Now, we present integral versions of the above theorems without proof. The proofs are straightforward
as in the discrete cases.
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Theorem 11. Let ¥ : [01,0;] — R be the differential function such that |¥'|7 is strongly-convex with modulus C
for q > 1 and let By, By be two integrable functions defined on the interval [y, x| such that By (x) € [d1, 0] for all
x € oy, ap] and

f Ba(x)dx = By # 0. Assume that B = f x)dx € [61,62], then

¥ - 5 [ (¥ B (0o

Lo BT+ ¥ (B1 ()17 — C(B — 1))
<7 [ B pio) (FE : )

Theorem 12. Let ¥ : [61, 5] — R be the differential function such that |¥'|7 is s-convex for ¢ > 1 and let By, B2 be two
integrable functions deﬁned on the interval [dl,txz] such that B1(x) € [61,6,] for all x € [, ap] and f Ba(x)dx =

Bn # 0. Assume that p = f x)dx € [61,62], then

o [ g2 3 gty (OB

(13)

¥ 5 [ (¥ pr) (0P| < L

Theorem 13. Let ¥ : [61,8,] — R be the differential function such that |¥'|7 is m-convex for g > 1 and let B1, By e
two integrable functions defined on the interval [, ay] such that B1(x) € [61,062] forall x € [y, ap] and f Ba(x)dx =

Bn # 0. Assume that B = ﬁi ““12 B1(x)B2(x)dx € [81, 8], then

1w a ¥ (B)]7 + ¥ (B (x))]7) 7
< a7 [ BB gl SR 19

Theorem 14. Let ¥ : [61,0;] — R be the differential function such that [¥'|7 is (a, m)-convex for ¢ > 1 and let
B1, B2 be two integrable functions defined on the intervul [0(1,062] such that B1(x) € [01,0] for all x € [ay,ap] and
f Ba(x)dx = By # 0. Assume that B = 1 f“z B1(x)B2(x)dx € [61,8,], then

o [ a3 o) (ORI g a6

¥ - 5 [ (¥ B (0o

¥ -5 [ BB <

Theorem 15. Let ¥ : [61, 2] — R be the differential function such that |¥'| is y-convex for g > 1 and let By, B2 be two
integrable functions deﬁned on the interval [dl,ocz] such that B1(x) € [61,0,] for all x € [ay, ap] and f Ba(x)dx =

Bn # 0. Assume that B = f x)dx € [61,62], then

Y - 5 /a (0 ) (1))

[ B ' (1% (B)]7, 1/ (B1 (x))]9) \ 7
< m/al |B2(x) (B — B1(x))] (|‘P (B1)]7 + A " ) N

Theorem 16. Let ¥ : [61,8,] — R be the differential function such that [¥'|1 is strongly n-convex for ¢ > 1 and let
B1, B2 be two integrable functions deﬁned on the interval [y, ] such that B1(x) € [01,02] for all x € [ay,ap] and
f’xz Ba(x)dx = By # 0. Assume that p = “12 B1(x)B2(x)dx € [61,8], then

17)

¥ -5 [ (¥ o P

a1

0 ) / / n(B — 2 %
< Iﬁlnl/al |B2(x) (B — Br(x))] x (l‘i”(ﬁ1)|’7+ 1A, |;P B _ ni 6ﬁ1) > dr. (8)

3. Generalized bounds for the Holder difference

Proposition 1. Let (p1, ..., pn), and (41, ...,qn), be two positive n-tuples and |61, 6, be a positive interval. Then
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1. for t; > 1,t € (1,2) such that % + % = 1. Following inequality holds

n ; % n ; é n
Z Pr Z ¢ - Z Prqk
k=1 k=1 k=1

r ty t kZl Prqxk -t
= t
S D I e el N
|27 k=1 Y Pitcl
k=1
" (t2-1) " 2\i
L Pk g102=D )2 | 12 PRk - o
— —1)— = 2
X n + - 5 (@5 = 20° —qta + 4° +9)6] * i S
xpy Pk L
k=1 k=1
1
n ’ t
X (Z pk1> . (19)
k=1
2. If the statement of part 1 is satisfied, then the following inequality holds for t, > 2
1 1
n ; 2 n ; ty n
(Z P}J) (Z ’713) - <Z Pk‘7k>
k=1 k=1 k=1
n
[y o | [ PR o
S|P | T e
129 k=1 Y pkl
k=1
. () : 277
L Pl N ICS ot)2 L Prlk - P
— —1)— = ;
x ! + g = S (P - 20 — g+ qF )] —— — Py’
L pi Pi L p
k=1 k=

X (Z pi&) : (20)
k=1

"

Proof. 1. Let ¥(x) = x2, x € [41,0,] then ¥ (x) = ta(tr — 1)x2272 > 0, (|¥'|9)" = t3q(ta — 1)(q(ta — 1) —
1)x9(2=1)=2 which show that the function ¥ is convex, and for the given value of f,, the function (|¥’]7)" (x)

Y q _ a1y 57 —1)=2
is decreasing while (|¥/]7) (x) > 2 (tzq(tz DICIC! 21) 1% ) Vx € [61,6,]. Therefore the function |¥’|7 is

ty—1)-2 —h

Tty — _1)—1)57¢ —d X
4l ~1)(alt2 21) 1 , so using (5) for ¥(x) = x2, 0, = p;!, and y; = qxp,” , we

strongly convex with C =

derive
n t " , tr—1 n ty %
{ (Z ‘113) (Z Pkl> - <Z Pk%) }
k=1 k=1 k=1
n
2 ¢ kgl Pk .
< | T X | e
127 k=1 y Pkl
k=1
" glt2-1) 0 2\
k21 PkAk L 1) k21 PrAk - i
— -1)— = i
X o + 1 §(q2t%—2q2fz—qu+qz+ﬂl)5g : - — kP’
kzl Pi P kzl Pi
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i \1
X (Z pk1> . (21)
k=1
By applying the inequality x" — y" < (x —y)" holds for n € [0,1] and 0 < y < x, therefore by putting
n n -1 n ty
X=<Zq§3>(2pfj> ,]/Z(Zpqu> ,n:%weobtain
k=1 k=1 k=1

1

no % n % n n L f2-1 n 2\ 2
<Z Pﬁ) (Z q,?) — ) P9k < <Z 6]22) (Z Pk1> - (Z PkLIk) . (22)
k=1 k=1 k=1 k=1 k=1 k=1

From (21) and (22), we get (19).

— tgli(fzfl)(q(tzfl),1)5q(t271>72
2. ForC = =2 g ;

, as by same proposed value of t,, the function (|¥’|7)" (x) become
increasing function. Now by applying the same method of part 1 the inequality (20) can be obtained. O

Proposition 2. Let (py, ..., pn), and (41, ...,qn), be two positive n-tuples and [61, 5;] be a positive interval. Then for
t1>1,t ¢ (1,1+ %)for g > 1 such that % + % =1, the following inequality holds

1
f

(;:21 P?) 1 (;:21 q;?) " (;Zl quk>

n n q(t2—1) q
. k21 Pk -y k21 Piqk qq(tzfl) n T
= t =
< T 2 P t — kP t + 1k 7 X (Z pk]> . (23)
(s+1)7 k=1 kzl P, kzl P, Pk k=1

Proof. Let ¥(x) = x'2, x € [d1,0,], then ¥ (x) = t1q(tr — 1)(q(ta — 1) — 1)x9(2=1)=2 which show that ¥ is a

convex function. Also it can be easily verified that [¥'|7 is s-convex, and so using (8) for ¥ (x) = x2, o, = p,tcl,
—h

and y = qkpk'52 , we derive

’ ’ a(t2-1) 7|
b n | k)_:l Prdi - k);1 Prqk qq(tz—l) n n
< TP | — qkpy” - + 7 X (Z pk1> . (29
(s+1)7 k=1 > p > p P k=1

k=1 k=1

By applying the inetqulality =yt < (tx —y)" holds for n € [0,1] and 0 < y < x, therefore by putting
n n 2= n 2
xz(quf)(Zp,?) ,y=<2pqu> ,n:%weobtain
k=1 k=1 k=1

n ; % n % n n n ; ta—1 n ta %
<Z Pk1> (Z ‘7?) — 2 Prdk < (Z q,?) (Z P,J) - (Z Pk‘ik) . (25)
k=1 k=1 k=1 k=1 k=1 k=1

From (24) and (25), we get (23). O

Remark 1. Analogously, we can present results for the Holder difference as applications of Theorem
7-Theorem 10.
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Remark 2. Similarly, integral versions of the above propositions can be established as direct applications of
Theorem 11-Theorem 16.

4. Generalized bounds for the Hermite-Hadamard difference

The following corollaries propose bounds for the Hermite-Hadamard gap via aforementioned generalized
convex functions.

Corollary 1. Let [aq,ap] be a positive interval, consider that ¥ : [, ap] — R such that |¥'|7 is a strongly convex
function with modulus C, then

1 a2 x1 + ap
Y(x)dx —
“2_“1/061 (x)dx f( 2 >‘

1
<1 /“2 (m +0€2>_x‘ ¥/ (2527 + ¥ (1)1 = C((572) — x)* | ]
T ap — a1 Jug 2

2
Proof. As function [¥’|7 is strongly convex on [a1, a3]. Therefore, using (13) i.e

dx. (26)

¥ 5 [ (¥ o p (Bl

1 [m i ¥ (B)J7 + [¥(B1(x))]7 — C(B— B1)>\ "
< [ 162 (B o) | 1 )

Substituting B1(x) = x, f2(x) = 1,50 By = ap — a1 and f = “17%2, thus the above inequality becomes

ocl—l—zxz) 1 /"‘2 ‘
b 4 — Y (x)dx
’ < 2 (062—0(1) aq ( )

1
L[] - (5811 + [¥/(0) 1 — C(215%2) — x)2 )
_“2_051 o 2

2
After some calculations, we get the required result. [

dx.

Corollary 2. Let [aq,ap] be a positive interval, consider that ¥ : [a1, ap] — R such that |¥'| is an s-convex function,
then

1 s 1 14
/2qf(x)dxqf<“1+wz>’§ /
0y — a1 Jay 2 a2 — a1 Jay

Proof. As function [¥’|7 is s-convex on [a1, ap]. Hence, using (14) i.e

1 e - [¥/(B)]7 + ¥/ (B1(x)) |7\ 7
< [ 1B o) (LB T g,

1
1(a1t+a2 g / g\ 1
(maz)x‘(mz ) +|‘P<x>|> o
2 s+1

¥ 5 [ (Fo P

Substituting B1(x) = x and Ba(x) = 1,50 By = ap — a1 and f = “1F7°2, therefore the above inequality
becomes

o o
‘T<a1+0¢2>_ 1 /2‘I’(x)dx 1 /2
2 (0(2 — 0(1) aq Xy — 1 Jayg

After some calculations, we obtain the required result. [

<

1
(“1 +062> —x’ <|T/(W)q+ |‘Y'(x)q> ! .

2 s+1

Remark 3. We can establish similar results around the Hermite-Hadamard inequality as direct applications of
Theorem 11-Theorem 16.
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5. Application in information theory

In this section, we present applications of the main integral results to CsisZr divergence, which is the key
tool in information theory as this gives a platform to other divergences, entropies, or distances. Before we

proceed, first we recall Csiszar divergence [9]: Csiszar divergence: Let (w1, wz] C Rand ¥ : [wy, wz] — R be

Y(x) o
Z(x)

a function. Also let Y : [aq, 23] — [wy, wy], Z : (a1, 23] — (0, 0) be two functions such that € [wy, wo] for

all x € [y, wp)] then the Csiszar divergence is defined by

DE(Y,Z) = /0:2 Z(x)¥ (EE’;;) dx.

Theorem 17. Let ¥ : [wy,wz] — R be a function such that |¥'|7 is strongly convex with modulus C, Also Y :
L2Y(®)  y(x)
faz Z(x)" Z(x)

(a1, 0] = [wy,wa], Z @ [a1, &3] — (0,00) be two functions such that € [wy, wy), forall x € [aq,az)

then
1 . Ju Y(x)dx
= 2(x) D (Y,Z) =Y (f,,f‘f Z(x)dx>
11 %2 S Y(x)dx v (x
= }f;‘f Z(x)dx /al Z(x) W2 Z(x)dx B zm)'

(28)

Proof. As function [¥’|7 is strongly convex with modulus C, on [&1, a;]. Hence using (13) i.e

¥ - 5 [ (¥ o P00
o ¥ (BT + [ (Br(x))lT = C(B— )2

< [ 2 (B o (T : ) s

Substituting 1 = %, B2 = Z(x) in the above result, we get the required inequality. [

Here. we have another inequality for the aforementioned divergence.
Theorem 18. Let ¥ : [wy, wp] — R be a function such that [¥'|7 is s-convex. Also Y : [a1,a0] — [wy,wa], Z :

Jo2 Y (x) Y(x)
f‘xz Z(x)” Z(x)

1 DC(Y,Z)—‘F<ID‘2Y(XMX>‘< 1 1 /lxz 7(x

[a1, @] — (0, 00) be two functions such that

€ |wy, wy), for all x € [ay, ay] then

f;‘fZ(x)dx [22Z(x)d (s 1)1 f”‘ZZ f;‘fZ(x)dx Z(x)
(v (xd , 2%
(“I’ iz ¥ (789 ) @

Proof. As function [¥’|7 is s-convex, on [a1, ap]. Thus using (14) i.e

¥ (B)7 + ¥ (81 (x))]" ) e

¥~ 5 [0 pIa(r] < o [ et (B - g (P

5

Substituting f1 = ;Eg

= Z(x) in the above inequality, we get the desired inequality. [I
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Remark 4. Analogously, we can establish other inequalities for the Csiszar divergence as direct applications
of Theorem 13-Theorem 16.

Remark 5. Analogously, we can establish inequalities for the Csiszar divergence in discrete form as direct
applications of Theorem 5-Theorem 10.

Remark 6. The classical version of Csiszdr divergence is presented as: The Csiszar f-divergence for positive
tuples (r1,72,...,1,) = x,and (wq, wy, ..., w,) = y and a function f : [a,b] — R is provided with the following
mathematical formula [11]:

piee)~ Fur (2).

Using the following, we may establish such results for various other divergences, entropies, or distances
in discrete form.
Shannon entropy;

n
E(s,y) = — Y wlogy f(x) = —logx.
k=1

Renyi-divergence;

D(re,x,y) =

m
(E), -
k=1
Kullback-Leibler divergence;
D(kl,x,y) Zxklog (y ) f(x) = xlogx.

X2—divergence ;

Triangular Discrimination;

Bhattacharyya-coefficient;

C(b,x,y) = Z\/xk}/krf x) = —Vx.

Hellinger Distance;

(1= V)",

NM—‘

. 1 &
Dis(h?,x,y) = 5 3 (V& = Vi) f(x) =
k=1
Similarly, such results can be established for their integral variants as well.

6. Conclusion

In this work, several generalized upper bounds for the Jensen gap have been successfully established
by employing a variety of generalized convex functions, including strongly convex, s-convex, y-convex,
strongly-n convex, m—convex, and (a,m)-convex functions. These generalizations extend the scope of
the classical Jensen inequality and provide new insights into its integral form. Furthermore, the derived
inequalities have been effectively utilized to obtain refined versions of the well-known Holder and
Hermite-Hadamard inequalities. As direct applications, novel estimates for the Csiszdr divergence were
also developed, demonstrating the theoretical and practical relevance of the presented results. Overall, the
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findings of this study contribute to a deeper understanding of convexity-based inequalities and open avenues
for further exploration in mathematical analysis and information theory.
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