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1. Introduction

1.1. Weighted sequence inequalities

L et n € N. All sequences considered in this paper are real finite sequences unless stated otherwise. For

X = (xl,xz,...,xn) S Rn,

and for a positive weight vector
p=(p1,p2--..pn) € (0,00)",
put

We use the normalized weighted mean

A(x) = Pi Y. pixi. ¢))

Products and powers of sequences are understood componentwise. When non-integer powers occur, the
corresponding components are assumed to be positive.
The finite weighted form of the Cauchy inequality is

n 2 n n
(Z Pz‘xiyi> < <Z Piﬁ) (Z Pﬁ?) , x,y € R". ()
i=1 i=1 i=1
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Equivalently, in the notation (1), (2) can be written as

Alxy)? < ARG)A(Y?).

We refer to (2) as the Cauchy inequality; see, for example, [1, Theorem 7] and [2, Chapter 1].
The second elementary tool is the weighted Chebyshev inequality. For two real n-tuples a = (ay,...,a,)
and b = (by,...,by), define

b) =P, Y piaibj — <Z Pi%‘) (Z Pibi> . 3)
i i-1 i-1

The functional (3) satisfies the identity

Z Z pipj(a;i — a;)(b; = b)), (4)

11]

which implies that 7p(a,b) > 0 if the sequences (a;) and (b;) are similarly ordered, and that 7p(a,b) < 0if
they are oppositely ordered. This is the weighted Chebyshev inequality; see Chebyshev’s original work [3]
and the classical treatment in [1, pp. 43—44]. In terms of (1), the Chebyshev identity (4) is the sign assertion for

Ta(ab) = A(ab) — A(a) A(b) = o, Ty(a,b). ©

The form (5) will be used below to interpret one-sided reflections as Chebyshev-type quantities.
We shall also use Callebaut’s refinement of the Cauchy inequality. Its first published form was given for
sequences by Callebaut [4]; related forms can be found in [2].

Theorem 1 (Callebaut’s inequality). Let x;,y; > 0,i =1,...,n. If either

or

then

(Zé Pixi]/i>2 < < Pty a) (g o ,x>
o)
< <§1 mx?) (Z_Zl m%). ©

Thus the chain (6) interpolates between the square of the mixed weighted sum and the Cauchy upper

IN

i M: i M:

bound. Besides its original sequence form, Callebaut’s refinement has been used in operator and matrix
settings; for example, Wada obtained refinements of the Cauchy inequality, while Moslehian, Matharu, and
Aujla proved a non-commutative Callebaut inequality for weighted operator geometric means and Hadamard
products [5,6].

The next result is a finite weighted form of Aczél’s reverse inequality. The classical inequality goes back
to Aczél [7]; an isotonic functional formulation can be found in [8, p. 125], while related forms are discussed
in [2].
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Theorem 2 (Aczél’s inequality). Let fo,g0 € R, and let x;,y; € R, i =1,...,n. If
n n
Pug5 — Z piy? >0 or P, f3 - Z pix? >0,
i=1 =

then
“ ? 2 & 2 2 & 2
(Pnfogo - Pixi.’/i> > (Pnfo - pm) (Pngo -) piyi> : @)
i=1 i=1 i=1

The weighted form (7) also has a substantial operator-theoretic literature. For instance, Moslehian
established operator versions involving weighted operator geometric means, positive sesquilinear forms,
unital positive linear maps on C*-algebras, and unitarily invariant matrix norms [9].

In [10], Izumino and Pecari¢ proved the following weighted Ozeki inequality, which is a complement of
the Cauchy inequality.

Theorem 3 (Weighted Ozeki inequality). Let x = (x1,...,x,) andy = (y1,...,Yyn) be positive n-tuples satisfying

O0<m <x1<xp<---<x, <M, O<my <y <y <--- <y < M. 8)

n k
Let p be a positive n-tuple such that Y p; =1, and put P, = Y p;. Then
i=1 i=1

i=1 i=1 1<k<n-1

2
n n
Zpix sz]/ (sz z%) M1M2—m1m2)2 max Pk(l_Pk)
1 2
< 7 (MiMp — mymg)”. ©)

The assumptions (8) and the estimate (9) will be used below through a reflected version adapted to
unnormalized weights.

We finish this subsection with three finite weighted forms of Beesack—Pecari¢ inequalities. For a set of
indices I C {1,...,n}, write I° for its complement and

=Y pir  Si(h) =) pihi

iel icl

Theorem 4. (See [11] and [8, p. 122].) Let I be a non-empty proper subset of {1,...,n}. Let g; > 0,i =1,...,n, let
p > 1, and assume that S;(g) > 0. Define

i iel,
81(0) =9 /s1(gP)\ VP .
( 51(9) > e
Then
n l/p n 1/p
() (Ersior)
= > = (10)
;1 pigi 4;1 pig; (i)

The quotient estimate (10) is the first cut-off inequality that will be applied to reflected samples.

Theorem 5. (Beckenbach’s Inequality, see [11] and [8, p. 122].) Let f;,g; > 0,i = 1,...,n,let p > 1, and let
1/p+1/q = 1. Let I be a non-empty proper subset of {1,...,n}. Assume that

Si(fg) >0,  Sr(g7) >0
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Define
N fl’, iel,
fl(l) - gisl(fp) 4 : c
(Sz(fg) ) ier
Then . 'y L 'y
(Enr) " (Enfior)
= > =L . (11)
Y pifigi g pifi(i)gi

i=1

The inequality (11) is the corresponding two-sequence cut-off estimate.

Theorem 6. (See [11, p. 639].) Let f;,g; > 0,i=1,...,n,let p > 1,andlet 1/p +1/q = 1. Let I be a non-empty
proper subset of {1,...,n}. Assume that

S1(fg) >0, Sp(g7) >0

Then
n Vp n

(2 Pz‘glp> P/t~ Y pigi = S1(g")Vrp T~ 5,(g), (12)

i=1 i=1

and

n 1/p n 1/q n
(Z piff) (Z rng?) — Y pifigi = S1(f7)VPS1(8M)T - S1(f3). (13)

i=1 i=1 i=1

The two estimates (12) and (13) will be used in the Fibonacci setting after applying the reflection
introduced next.

1.2. A reflection transformation for weighted sums

Associated with the weighted mean (1) is the reflection of a sequence with respect to its weighted mean:
2 n
Rx = ZA(X)I — X, (RX)Z‘ = an ; p]x] — Xj.

Since A(1) = 1, we have

n n
Y. pi(Rx)i = ) pixi. (14)
i=1 i=1
A stronger identity is
2 pi(Ru);(Rv); 2 Pilliv;. (15)

i=1

Indeed, expanding the left-hand side gives

n

n n
4A(u)A(V)P, —2A(u) 2 v —2A(v 2 Ui+ Y piu;v;,

i=1 i=1

which reduces to the right-hand side. This transformation and its applications to Cauchy and related
inequalities were studied in [12].
The one-sided reflection is related to the Chebyshev functional. For any a,b € R",

n 2 n n n 1
Y pi(Ra);b; = 7 (Z P%‘) <Z Pibi> — Y piaib; = T (Y piai) ()_pibi) — (a,b). (16)
i=1 n \i=1 i=1 i=1 n
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Thus the reflection identities (14) and (15) make reflected Cauchy estimates naturally produce inequalities in

which the Chebyshev functional appears.

2. Main results

We now specialize the weighted sums to Fibonacci nodes. Let (Fy,),,>0 denote the Fibonacci sequence,

Fh=0, =1, Fnw=Fy_1+Fu—2 (m>2).
For a real-valued function f defined at the points F;, b, ..., Fy, set
r 1 n n
Aol = 5 LPiFE). Po=Lpy
= =

Equivalently, (17) is (1) applied to x; = f(F;).

17)

The choice of the weights p; can be adapted to classical summation identities for Fibonacci numbers; see,

for example, [5, 8]. Some useful choices are

n
pj:F]'zl Pﬂ:Zsz:FnFn-&-lr
j=1

n
pj:Fj/ Pn:ZFj:Fn+2_1/
=1

n
pi = Fj-1, Py =Y Fj1=Fhy,
=

n

pi=Fj, Pi=) Bj=Fhy1-1,
=1

n

pj =k, Py =) jF=nFy2—Fu3+2,

j=1

n

pi=Fj2  Pi=Y FEjio=F,

j=1
n " n
pi=1. F]’/ PHIZ . Fj:FZrzz
J =1 \J
n 1 + (_1)71
pi=FEFn,  Po=)Y FFa=FEa-—5—.
j=1

The identities (18)- (25) are the source of the concrete normalizing constants used below.
Throughout this section we use the shorthand

If1 C{1,...,n}, put

F={1,...m}\I,  Pr=) p, Si(h)=) pih(F).

i€l icl

The reflected values are denoted by

(Rh)(F;) = 2A(h) — h(F;) = —h(F).

(18)

(19)

(20)

21)

(22)

(23)

(24)

(25)
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Then
S(Rh) = S(h), S((Rh)(Rk)) = S(hk), (26)

for all functions h and k defined at the Fibonacci nodes.

2.1. Chebyshev—-Cauchy-type inequalities

The next result, Theorem 7, is a Cauchy estimate for a reflected mixed term. In view of (16), it is also a
Chebyshev-type estimate.

Theorem 7. For all real-valued functions f and g defined at F, ..., Fy,

1/2 n 1/2
)| < Py <Zplf2 )) (Zimf(ﬁ)) : 27)

Proof. Applying the Cauchy inequality to the sequences f(F;) and (Rg)(F;), and using (26), gives

2 <£;pif(1-})> (ilpig(ﬁ)> Py Zplf

IS(FRg)| < \/S(F)S((Rg)?) = 1/S(f2)S(8?)

Since

s(7Rg) = 22U 55,

multiplication by P, gives (27). O

Theorem 8. Let I be a non-empty proper subset of {1,2,...,n}. Then the following assertions hold.
i) If Rg(F;) > 0 for all i and S;(Rg) > 0, define

Rg(F), iel,
$1tA) =1 si((Rg))

ST
Then
S(52
\/SS(gZ) > \/S (_gl). 28)
i) If f(F;) > 0, Rg(F;) > 0 forall i, and S;(fRg) > 0, Sre((Rg)?) > 0, define
f(Fi)/ iel,
ilE) =\ Re(B)SI(D) . _
Si(fRg) ' '
Then
VS(f?) \/ (ff) (29)

S(FRS) = S(iRg)’
iii) If Rf(F;) > 0, g(F;) > 0 forall i,and S;(Rf g) > 0, Sic(g?) > 0, define

Rf(F), i€l

FItE) = g(R)SH(RA?)
SI(Rfg) '

ielf.

Then

V/S(f?) SV fl (30)
(ng) S(fig)
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iv) If Rg(F;) > O for all i, then

P.S(8%) = S(g) = \/PiS1((Rg)?) — Si1(Rg). (31)

v) If f(F;) > 0and Rg(F;) > 0 for all i, then

S(f2)S(82) — S(FRg) > \/S1(f2)S1((Rg)?) — Si(fRg). (32)

Proof. We apply Theorems 4, 5, and 6 with p = q = 2, to the finite weighted sums over the Fibonacci nodes.
For (i), Theorem 4 is applied to the non-negative sequence Rg(F;). Since S(Rg) = S(g) and S((Rg)?) =
S(g?), it gives (28). The definition of §; is exactly the corresponding cut-off sequence.
For (ii), Theorem 5 is applied to the pair (f, Rg). The cut-off sequence becomes fj, because on I€ it is

Rg(F)S1(f?)
Si(fRg)

This gives (29). For (iii), the same argument is applied to the pair (Rf,g), and the global identity
S((Rf)?) = S(f?) gives (30).

For (iv), use (12) with the sequence Rg. The local term remains S;((Rg)?); in general it cannot be replaced
by S;(g?). Finally, (v) follows from (13) applied to (f, Rg), again using only the global equality S((Rg)?) =
5(g%)- O

2.2. Callebaut and Aczél inequalities for Fibonacci-reflected moments

The estimates (28)—(32) are useful when the index set is chosen according to Fibonacci summation
identities. The weighted sum AE,p may be viewed as expectation with respect to the probability distribution
P(] = j) = pj/Pn on the Fibonacci nodes. The reflection Rh = 2A(h) — h replaces each sampled value
by its mirror image with respect to the weighted mean. Therefore, Callebaut’s inequality controls a whole
interpolation scale of reflected mixed moments, while Aczél’s inequality provides a reverse estimate for
reflected mixed products.

Theorem 9 (Reflected Callebaut inequality). Let f and g be functions defined at Fy, ..., F, such that Rf(F;) > 0
and Rg(F;) > 0 forall i. Ifeither 1 <a < p<20r0< B <a <1,then

(F)5(87)- (33)
Proof. Apply Theorem 1 to the positive sequences Rf (F;) and Rg(F;), and use (26). [

Theorem 10 (Reflected Aczél inequality). Let fo,g0 € R, and let f and g be real-valued functions defined at
Fi,...,F. If
Pugo—S(8%) >0 or  Pufg —S(f*) >0,

then
2
(Pusoso = 258D 50700 ) = (s - 4%)) (st~ 5()) en

Proof. Apply Theorem 2 to the sampled sequences f(F;) and (Rg)(F;). Since

s(rRg) = B (), s(Rg)) = S(s2)

the result is precisely (34). [
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2.3. A converse inequality

We next derive a reflected form of the weighted Ozeki inequality for the unnormalized weights used
throughout this paper. The proof consists of applying Theorem 1.3 to the normalized weights q; = p;/ P, and
then returning to the original weighted sums.

Theorem 11. Let p = (p1, ..., pn) be a positive n-tuple, and put

k
Pk:zpi’ k:l,...,n.
i=1

Let f and g be real-valued functions defined at Fy, . .., F,. Suppose that
0<m < f(F)<f(R)<---<f(F) <M, (35)

and
0 <mpy <Rg(F) <Rg(FR) < -+ <Rg(F,) < M. (36)

Then

2
s2)5(6%) ~ (Z0) ~s(r9)) < (MiMa — muma)? | max PPy - P

P2
< Z”(Mle — mymy)?. (37)

Proof. Put g; = p;/ Py and Qy = P¢/Py. Then ) gq; = 1. Apply Theorem 3 to
i

w=f(R),  z=Rg(R) = 28 —g(E),

with the normalized weights g;. Multiplication by P? gives the right-hand side in (37). The left-hand side is
transformed by the reflection identities

éPiZ? =5(g%), épixizi = %)ns(g) —5(fg)-

Finally, P (P, — Py) < P?/4. O

Remark 1. The condition (35) does not require global monotonicity of the function f. It only requires that the
sampled sequence f(Fy),..., f(F,) is non-decreasing. Similarly, (36) is a condition on the reflected sampled
sequence Rg(Fy),...,Rg(F,). Since Rg(F;) = 2A(g) — g(F;), this is equivalent to saying that the sampled
sequence g(Fy),...,g(F,) is ordered in the opposite direction.

3. Applications

3.1. Odd-even Fibonacci splitting
Letp; =F,i=1,...,2m, and put
2m
Iy =Y F=Fyo—1
i=1

For a function u defined at Fy, ..., B, write

2m
Sm(u) = ; Fu(F),
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521(1/{) = i F27_1M(F2r_1), S%(u) = i Fzru(F27).

r=1 r=1

By (20) and (21),

m m
Y Foy1 = Fop, Y Py = Fopy1 — L.
r=1 r=1

Corollary 1 (Odd-even Fibonacci splitting). If u(F;) > 0fori=1,...,2m, then

\/ Hmsm(uz) - Sm(u) > \/ FZmS%(uz) - S(r)n(u)/ (38)

TS (12) = Sin(10) = 1/ (Fams1 = 1)S5u(12) = S5 (1), (3)

Proof. Choose ¢ = Ru in Theorem 8(iv). Then Rg = u, S(g) = S(u), and S(g?) = S(u?). Applying (31) to the
odd index set and then to the even index set gives the two displayed inequalities. [

3.2. Fibonacci-Lucas moments

Let (L )m>0 denote the Lucas sequence,
Ly=2, L =1, Lpy=VLy1+Lyuo (m > 2)

We use the standard identities

. Lai — (—=1)L;
FLi=Fj,  EL}=Fy;+(-1)'F LiF} = %

which are classical Fibonacci-Lucas identities; see [13,14].
In the rest of this subsection the weights are p; = F;,i = 1,...,2m, and

$(F)=F AMF) = L.

The closed forms used below are

2m
Foman +5— 6Fom_1
Cn = F3: et = ’ 40
m ; 1 (40)
2m
F +2F,-1—3
D, = gFiLiz: 6m+-2 22m 1 , (41)
i=1
2m
L —2Lp—1—5
Om = ZFiZLi _ Lbm+2 102m 1 ) (42)
i=1

The identities (40)—(42) follow from the classical Fibonacci-Lucas identities displayed above.

Corollary 2 (Callebaut interpolation for Fibonacci-Lucas moments). Let1 <a < <20r0 < <a < 1. Then

2m 2m
G < (L) (Le
j i=1

i=1
2m 2m
p+1,2-p 3—Br B
< (Bt (Eeu)
i=1 i=1
< CpuDy. (43)

Proof. Apply Theorem 9 to f = R¢ and ¢ = RA. Then Rf = ¢ and Rg = A, so the middle factors in (33)
become the displayed Fibonacci-Lucas sums. The left endpoint is S, (&A)? = Q2,, while the right endpoint is
Sm(€?)Sm(A?) = CyyDy. This proves (43). O
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Corollary 3 (Aczél estimate for Fibonacci-Lucas moments). Let a,b € R. If

C D
2. =m 2 Zm
a- > I, or b° > I,
then
(ILnab — Qu)? > (Iya® — Cp) (11, b% — D). (44)
Proof. Apply Theorem 10 to f = ¢ and g = RA. Since Rg = A,
25 S
2nl03n(8) s, (zg) = 50(c0) = Qm,
m

and Sy (g%) = Sm(A?) = Dy Also Sy (&%) = Cpy, and hence (44) follows. [
Corollary 4 (Ozeki converse for Fibonacci-Lucas moments). With the notation above,

CuDp — Q%z < b (F2m+1 - 1) (F4m - 1)2

_1)2 _ _1)2
_ (F2m+2 1) (FZm—l 1) (F4m_1)2

4
< By 5)

Proof. Apply Theorem 11 with weights p; = F;, with f = ¢, and with g = RA. Then
f(E)=F,  Rg(F)=AF)=1L;

so the required sampled sequences are increasing. We may take my = my = 1, My = Fy,, and My = Ly,,. Since
FoLom = Fam, the Ozeki factor is (Fy, — 1)2. Moreover,

Sm(fz) = Cm, Sm(gz) = Sm()VZ) = D, Sm(fRg) = Sm(ZA) = Qm.

For Fibonacci weights,
k

Pe=)Y F=Fn-1, Poy = Foppan — 1.
i=1

Hence the maximum in Theorem 11 is

Feiop —1)(F — Feio).
(max  (Fea = 1) (Fami2 = Fier2)

This is the maximization of the parabola x(P,,, — x) on the strictly increasing set x = Fy,, — 1. Since

F -1
By, —1< -2mt2 72

it is enough to compare the neighboring values k = 2m — 2 and k = 2m — 1. Their difference is
(Fmt1 — DB — (B — 1) Famy1 = Foam—1 > 0.
Therefore the maximum is attained at k = 2m — 1 and equals
(Fom+1 — 1) o
This proves the first line of (45). The identity

(Fomgz —1)* = (Bam—1 — 1)?

Bou(Foms1 —1) = 1
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gives the second line, and the last line is immediate. O

Remark 2. The same scheme gives purely Fibonacci estimates by taking u(F;) = F; in Corollary 1. Then

2m

2m
Fomio +5— 6Fo_1
Y R = Fouber, ) B = o,
i=1 i=1

and the odd and even refinements follow from (38) and (39).

4. Concluding remarks

The purpose of the preceding sections is to set up a flexible model in which classical weighted inequalities
can be combined with explicit Fibonacci summation identities. In particular, each of the normalizations listed
in (18)—(25) may be inserted into the weighted scheme used in Theorem 7, Theorem 8, and the reflected
Callebaut, Aczél, and Ozeki forms. The last two sections show this procedure for the Fibonacci weights p; = F;,
the odd-even decomposition of indices, and Fibonacci-Lucas moments; the same argument applies to the other
choices of weights from the displayed list.

The construction is not limited to taking the weight and the sampled value from the same Fibonacci
expression. For example, one may take

or

pi=F,  f(F)=F,
and then apply the same weighted inequalities to the corresponding sums. More generally, any inequality
which admits a positive weighted finite-sum form can be used in this framework. The choice of the weights
determines the normalizing constant, while the choice of the sampled functions determines the Fibonacci
or Lucas moments that occur in the final estimate. Thus Corollaries 1, 2, 3, and 4 should be viewed as
representative examples rather than as an exhaustive list of possible applications.
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