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Abstract: This study aims to extend the classical Hermite-Hadamard-type inequalities by employing recently
introduced (k, I)-type fractional integrals, which are formulated within the framework of the Riemann-Liouville
approach. These integrals are characterized by two exponential parameters, k and I/, defined via the
(k,1)-gamma function. In particular, we established new inequalities involving the arithmetic, geometric,
and harmonic (k, I)-Riemann-Liouville fractional integrals. Notably, when k = I, these integrals reduce to
k-Riemann-Liouville fractional integrals. Additionally, several foundational identities related to the general
(k, I)-Riemann-Liouville fractional integrals are presented. Subsequently, various related inequalities are
established using the convexity properties of differentiable functions. These results contribute to the field of
fractional calculus and its role in mathematical analysis.
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1. Introduction and Preliminaries

onvex functions represent a foundational class in mathematical analysis and have been widely studied
C since the classical work of Hardy, Littlewood, and Pélya [1]. One of the most famous results involving
convex functions is the Hermite-Hadamard inequality, which provides bounds of the mean value of a convex
function over a closed interval (see [2, p. 137] and [3]). Formally, if I is convex function defined on the interval
of real numbers [u1, v1] with u1,v; € Rand 1y < vy, then

up +vq 1 % U(uy) +U(v1)
u< . >gv1_u1/ul U(x) dx < SHZE, (1)

Hermite-Hadamard inequalities are often used to characterize and explore the fundamental properties of
convex function. As a result, Hermite-Hadamard inequalities, which are widely used to derive various results
and are fundamental in the theory of convex functions. Various forms of convexities and their generalizations
have been explored in multiple scientific disciplines [4,5]. These generalizations have enriched the study of
convexity and its applications in inequality theory.

In parallel, fractional calculus, the study of integrals and derivatives of arbitrary order has gained
substantial interest. Fractional operators are inherently nonlocal and memory-preserving, making them
powerful tools for modeling real-world phenomena. Their use in inequality theory has also become prominent,
particularly in the development of fractional versions of the Hermite-Hadamard inequality and related results
[6-8].

To further generalize these results, fractional integrals involving two exponential parameters, denoted
as (k,1)-Riemann-Liouville fractional integrals have been recently introduced [9]. This paper focuses on
establishing Hermite-Hadamard inequalities via the (k, )-Riemann-Liouville fractional integrals. We present
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several novel results involving the arithmetic, geometric, and harmonic versions of these integrals. Also for
k = I, these operators reduce the k-Riemann-Liouville fractional integrals.

We also include foundational properties and identities for the (k, I)-integrals and derive various inequalities
under convexity assumptions. These contributions not only extend classical results, but also offer new insights
into the intersection of convex analysis and fractional calculus.

Fractional calculus has emerged as a powerful mathematical framework, offering diverse applications
across various theoretical and practical fields. It has found applications in various scientific domains. In applied
mathematics, fractional operators have played an essential role in enhancing and broadening the scope of
integral inequalities. Notably, the k-Riemann-Liouville fractional integral has emerged as a core instrument
and a deriving force for investigation in various areas such as inequalities, differential equations, and related
integral problems; see [10-13].

Definition 1. Let i/ : [u1,v1] — Rand Y > 0. The k-Riemann-Liouville fractional integrals of order Y are
defined as follows [14],

1 x Y
I () = D /M] (x—F U@ dt, x> u, @)
ooy (x) = krkl(Y) /:1<f—x>%*11/f<t>dt, x <oy, ®)

Kuldeep defined the (k, I)-gamma function, which generalizes the k-gamma function [15].

Definition 2. [16] If Re(Y) > 0 and let Y be any non-positive integer complex number then (k,/)-gamma
function defined as:

(¢S] k
T (Y) = /0 Y lem T dt, )

forallk,[,Y > 0and g € N, the (k,I)-gamma function possesses the following properties [15] and [17] hold:

1Y
Tanl@+Y) = ;r(k,Z)(Y)/

Canng+Y)=1" (:) <: + 1> <: +(n— 1)> T (Y),

- () ro0- (£)e2)

Remark 1. If k = ], this yields the k-gamma function Y}, while taking k = [ = 1 leads to the standard gamma
function T".

An advanced form of Riemann-Liouville fractional integrals, known as the general (k, )-Riemann-Liouville
fractional integral, serves as an extension of the classical k-fractional integrals and is defined as follows.

Definition 3. Let [u1,v1] C [0, +00], and let U € Lq[u1,v1]. Then general (k, I)-Riemann-Liouville fractional
integrals with order Y > 0 are defined as

1 x X 1
I U(x) = —/ (x—)%ED UB dt, x>, )
Y 1 o ¥ Ykl -1
D ) = —— o [0 U, <o, ©

kr(kfl) (‘I’f(i,l))

where T )y is the (k, /)-gamma function and ¥ :]0, +-c0[x]0, +00[—]0, +co[ is a function satisfying ¥o(k, k) = k.

By choosing different form of the function ¥o(k,I), various special cases of generalized
(k, I)-Riemann-Liouville fractional integrals can be derived.
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(1) By choosing Yo(k,1) = VkI, we derive the geometric form of the (k,!)-Riemann-Liouville fractional

1ntegralsG U(x )andG,‘I,(klU( x).

£ ¥0(kD) )
(2) By Choosmg ¥o(k, 1) = k“ , we derive the arithmetic form of (k, I)-Riemann-Liouville fractional integrals
Y
Au1 ’\Po(k,l)u( x) and Avl,,%(k,l)l/l(x).
(3) By choosing ¥y (k, 1) = 12 , we derive the harmonic form of (k, I)-Riemann-Liouville fractional integrals
Y
H it ok ) U(x)and H *‘Yo(kl)u(x)'

Remark 2. By setting | = k, the fractional integral (k, I)-Riemann-Liouville defined in Egs. (5) and (6) reduced
to the standard fractional integrals k-Riemann-Liouville presented in Egs. (2) and (3) (see [18]). Moreover, if
I = k =1, this yields the classical Riemann-Liouville fractional integrals outlined in (see [19]).

This manuscript is outlined such as: in §2, we derive the famous Hermite-Hadamard inequality for the
newly defined integrals. In §3, we present some relevant midpoint-type inequalities, and in §4, we derive some
trapezoidal-type inequalities. Furthermore, some novel inequalities are obtained by making different choices of
Yo (k,1) and is concluded with conclusion describing the future research directions as well.

2. Hermite-Hadamard inequality

The classical Hermite-Hadamard inequality provides an important estimate for the integral average of a
convex function over an interval. This inequality can be generalized in the context of fractional calculus.
In particular, by employing the (k,[)-Riemann-Liouville fractional integrals, we obtain new versions of
Hermite-Hadamard inequalities.

Theorem 1. Let U : [u1,v1] — R be a convex function defined in the interval [uq,v1], and suppose that U € Lq[uq,v1],
then

2707 kT (w)
u <ul +Ul> < 4 ‘I"of,l) IYu . Ul(ur) +1Yu s U(vr)
2 Yo (k,1)(v1 — 1) Fol&D (“3) o)) (“151) " ¥o (ki)
U(up) +U(v
< Ul +UE) "

Proof. Assuming U/ is convex, and ¢, w € [uy,v1] with { = %,

u(ﬁ;w> SU(C);U(w)' ®)

Putting w = %ﬂ + % and ¢ = @’% + %, then Eq. (8) become

U (”“2”“) gu(gzvlJr(z_f)”“)Jru(g”l (Z_ZC)Z“) ©)

Y
Multiplying Eq. (9) by ¢ o) 1, and by performing integrating with respect to { over the interval [0, 1], we
obtain

or

Z‘Y()(k,l)u (Ml + (%]

Y > ) < Mp + My, (10)

where

M, = /01“ (Czul n <2—2€>v1> v g, (1)
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and ) y
M= [u (G B ) vt (12)
0
After putting ¢ = % + (2_2@01 in (11), and w = g% + % in (12), we get
2‘Y0(Yk,1) U1 Y -1
M= [ (o= T U de,
(01 — Ml)\yoz"'” 1y
and
Y 4o
AT It Y
M, = - (w—up) Y& "Y(w)dw
(01 — 1) Fol®D /1
So, we get

u];—vl Y 1
[ @) U w) do
uy
After simplifications, we get
S S|
ZTO(k’l) kYr k1 kY
U u; +0q < (k1) (‘Yo(krl)> Y . Uloy) + 1Y B Uuy)| . (13)

2 Y u1+o1 Kl ug+o1 Kl

Wo(k, 1) (0 —ug) Tt | (121) Holkd) () ok

Having established one part of the theorem. We now move on to establish the second part, noting that I/ is
convex function, then, for { € [0,1], we have

o (5t O < St 2w s
and 2
(5 + B < Guten + 2wt a
By adding (14) and (15), we get
u(gzuhr(z_f)vl) +U<€;l+(z_§)ul> <U(uy) +U(vy). (16)

_Y
Similarly, multiplying by ¢ *o* " on both sides of Eq. (16), and then integrating with respect to  over
[0,1], we get the second part of the inequality as

Y

2‘1’0(’<J)71kYr(k,l) (%) Y
Y (14142“”1 )7,‘1’0(’91)

‘PO (k, l) (01 — ul) Fo(kD)

Uly) + 1Y A e
(ur) + (w)+ll{j0(k,l) (01)1 < (17)

By combining (13) and (17), we get the required result. O
Corollary 1. If k = [ in Theorem 1, then we recover Theorem 7 in [20].
Corollary 2. If k =1 =1 in Theorem 1, then we recover Theorem 4 as presented in [21].

Corollary 3. Ifk =1 =Y = 1in Theorem 1, then the classical Hermite-Hadamard inequality (1) is recovered.
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Corollary 4. By choosing ¥o(k,1) = V/kI in Theorem 1, we derive the following inequality involving the geometric form
of (k,1)-Riemann-Liouville fractional integrals:

X1
2VE T KYT gy (£X
u(ul'zf'vl) < (k1) (YkI) [IYM1+01 7\/7u(u1)+IYul+vl Jr\/71/{(,01)‘|
\/kl(vl—u])\/H ( 2 ) s ( 2 ) VH

< Um) +U(01)
- 2 .
Corollary 5. By choosing ¥o(k,1) = k” in Theorem 1, we derive the following inequality involving the arithmetic form

of (k,1)-Riemann-Liouville fractional mtegmls.

2k+’kYF k]
“ <ul _;Ul> = - <k+l> [IYV1+01 - k+lu<ul) + IY“1+U1 * k+lu<vl)]
(k+1) (o —ug) i [ (M271) A ("1371) A

72 2
< U(up) +U(vy)
i 2 .

Corollary 6. By choosing ¥ (k,1) = kl—z in Theorem 1, we derive the following inequality involving the harmonic form of
(k, 1)-Riemann-Liouville fractional integrals:

| /\

“Iyr Iy
U + vy &\ &
”< 2 ) & )Péﬁm)ﬂUWM+Jpﬁmyﬂu@n]
k(Ul—ul)kz 2 i 5 i
 Ul) + )

3. Midpoint type inequalities

The midpoint-type inequalities offer a way to estimate the value of a convex function at the midpoint of
an interval through the use of fractional integrals. In the context of (k,I)-fractional integral, these inequalities
extend the classical Hermite-Hadamard inequality by introducing bounds.

Lemma 1. Let U : [u3,v1] — R be a differentiable function on open interval (uy,v1). Suppose that the derivative U’
_Y 1
2%ED KYT iy ( giirs
(k1) (‘YO(kl)> [IY Z/l(vl) + IY _ u(ul)

belongs to the function space L1 [uq,v1], then
Yy (141 + Ul>
Y uq+v g +v
Fo(k, 1) (o1 — up) o | (" A3 Yolkd) () Aok 2

SR Stl Uo u (gz”l 4 2= 5)Ul>g% g — /u’(gv1 (2_25)”1> C‘Wdé]. (18)

1 — Y

Proof. Let

and

B 2Y 1 uy  (2—-0)vn q,o%—l 2 U1 + 1
M= U (G ) e e L ().

(v1 —uq)¥o U1 — Uy 2
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Substituting ¢ = % + %, we get

+1

Y
2%k Ty 41 %,1 2 U+ 0y
_ _ &) _
Ml Y 41 /;I]+U1 (Ul g) ’ u(g) dg 01 — ulu ( 2 '

To(k,l)(vl — ul)‘fo("f” 2

After some calculations, we get

s+l y
2 ¥o (kD) kYr(k,l) (%) Y I )
M1 - X I up+o;\ ki Z/[(vl) -u > o1 — 1 . (19)
ok, 1) (vq — up) 0D (M157) o k) o

Similarly, adopting the same procedure for M,, we get

M, =

U(uy)

2%0®D YT )y (W) lIY

¥o(k,1)(vg — ul)W“ (52) ¥olkd)

U1+ 01 2
+u< 2 )(Ul—ul) 20)

By using (19) and (20), it follows that

k1
My — M, = o)

g +1
29000 kYT (7\ka ) [

Y U(vy) + 1Y _ U(u
Yo(k, 1) (01 — up) &P (437) Holkd) o (“11) ok )

_( 4 >u<u1+vl>.
01— Uq 2

By multiplying both sides of above equation by 2“1, we derive the desired identity. O

Using above lemma, we establish the following (k, I)—fractional Hadamard-type inequality.

Theorem 2. Let U : [u1,v1] — R be a differentiable function on the interval (uy,v1). If the absolute value of the
derivative, |U'| is convex on [uy,v1], then

1 kY

2%0F0 kYT (i ) (W) Y
I up+o1\t
( 12 1) ,‘Pg(krl)

‘YO (k, l) (01 — Lll) Yo(kl)

szq;u1<Yf%&2U>UUKm)+V/@0H-

U(vr) + 1Y - U(ur)
=) Mok

Proof. By using the properties of absolute value function and the Lemma 1, we get the following

u; +v1
“(3%)

U/<€zvl+(2_€)ul>’5%2{k’”d€]-

Y -
Z/{(Ul)+ (@) ,\yo(k,l)u(ul)

To(k,l)(vl — ul)“’o(’“’)
cum [/1 uw (émgz—émﬂg\mdﬁ/l
4 0 2 2 0

Using the convexity of |U’|, we have

Y 4 kY

2 ¥ (kD) kYT (1) (W) Y
I up+o;\
( ks 1) Yo(kl)

2

Y 4 kY
2 ¥o(k]) kYF(k,l) (W)

Y U(vy) + 1Y
Y
(01 — uy) "o ¥ (k, 1)

(M) " o k) (@yl%(mu(ul)

01—

! g 1 2-@ / \{IOY,Z ! g ! z_g ! TOY]{,
2 G+ 255w enn) eom ag+ [ (St + 25 ) e a]
— 1 Y 1 Y
=2 [t )] [ €0 g+ (o) 6

IN
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= 01 ;M] <‘P(:I([£,(lk)/:)_Y> [|ul<ul)| + ‘ul(’()l)H .

O
Corollary 7. If k = | in Theorem 2, we obtain a special case of Theorem 3.1 presented in [22].
Corollary 8. If k = | = 1in Theorem 2, a particular case of Theorem 5 from [21] is recovered.
Corollary 9. Ifk =1 =Y = 1 in Theorem 2, then Theorem 2.2 is presented in [23].

Corollary 10. By choosing ¥o(k,1) = vkl in Theorem 2, we derive the following inequality involving the geometric
form of (k,1)-Riemann-Liouville fractional integrals:

-1 kY
) (ﬁ) Y Y U1+ vp
Y I uq+op \ T Z/{(U])+I ui+ov - Z/[(ul) _Z/{
VI (g — uq) VA (152" vk (51) ik 2

<28 (Y0 ) e+ )

Corollary 11. By choosing ¥ (k,1) = % in Theorem 2, we derive the following inequality involving the arithmetic
form of (k,1)-Riemann-Liouville fractional integrals:

-1 2kY

20T KT (le) Y Y U+
k+l1 2Y I mto )t k+lu(vl)+l uptor ) k+lu(u1) —u 2
5 (01— ug) B ("121) (1) 4

72

IN

_ k+l
01 4u1 (Y : ) (24 (ur)| + |t (01)]] -

=

Corollary 12. By choosing ¥o(k,1) = ? in Theorem 2, we derive the following inequality involving the harmonic form
of (k,1)-Riemann-Liouville fractional integrals:

22 ey, (%) n
: Iy )+ ol | -t (M5
kl—z(vl —ul)% [ (%)Jrg (%) A7 2

01—

K2
<z (Yi k) [/ )] + U )]

I

Similarly, using the Lemma 1 we get the following result.

U(vy) + 1Y U(ur)

(@)Fﬂ,(k,l)

Theorem 3. Let U : [u1,v1] — R be a differentiable function on an interval (uq,v1). If |U'|" is convex on [uy,vq], then
_Y 4
2960 kYT, (L)
( ,) ‘FO(Yk’l) IYH +0v +
(M3%) " ¥o (k)

Yy (Ml ervl>
Yo(k,1)(v1 — uy) Yok

<A (Ysjogof(’;l))i Ku’wl)lfzmu'(vnvf . <3|u'<u1>|’4+ |U'(Ul)|r)1] ,

wherer>1and%+%:1.
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Proof. By using the properties of absolute value function and the Lemma 1, we can write (21)

_Y
. 2 ¥ (k) lkYF(k,l) (%) [ Y
(

UL gy (k1) (o — ) oD
Yoy (Gur, 2=0n xyo% L 428 (2-0wm
S/()’u(2+2>§(l>d€+/()’u(2+ )

By applying Holder inequality, we get

Ulo) + 1Y, u(ul)l—u(‘”;”l)

Ll )+,‘Yo(krl) (“151) ¥o(k)

g‘lT{k,l) dc.

oty L kY
4 2900 TRYT (W) Y 4 Y y (1t
aTh wim | () otk (o) + (“151) ¥o(ki) () —U{—%—
Yo(k,1)(v1 — uq) Yolkb 2 Aolk, 5 Yok,
roNT
dg)

1 \}IOYi,l % 1 1 gul (2 B C)vl
= ( 0 a >d€) ( 0 u ( 2 2 )
dg) .

(o) (e (528

Since [U’|" is convex, we have

_Y kY
4 |20F0KYT ) (‘Yo kJ)) [ Y

OLTHL (k1) (v — Ml)YoE{k/l) (w)i%(k’l)
(o) ([ (Garrs o))
+ (/01 i d€>g (/1 <§|M’<vl>|r + Zzéw(ul)'r) dg)}
(11

- (o) [(L WT'U/(W)} ¢ (Al |u’<vl>|f>1] |

Multiplying 5L on both sides, we derive the desired inequality. [

U(vr) +IY7 - U(uy)

Corollary 13. If k = | in Theorem 3, we obtain Theorem 3.2 from [22].
Corollary 14. If k = | = 1 in Theorem 3, we obtain Theorem 6 from [24].

Corollary 15. Ifk = =Y = 1 in Theorem 3, we obtain the following inequality:

1
1 u1 Uy + 01 01 —Uq 1 s
— <
vl_ul/l;l U(C)d@ Z/[( 2 >‘_ 4 <S+1>

y [<|u'<u1>|r+3uf(vl>|r>1 . (3|U/(M1)|r+|1/l’(01)|7)}].

4 4

Corollary 16. By choosing ¥o(k,1) = vkl in Theorem 3, we derive the following inequality involving the geometric
form of (k,1)-Riemann-Liouville fractional integrals:

kY
Z\F le"(kl) (\/»> v Y B Uy + v
Y I M1+Z71 +\/7u(vl)+l Ll1+?)1 7\/>Z/{(Ll1) Z/{
VEI (v — up) VA (137) v (37) i
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o (VA O\ [l 3 )N AU )+ o)
=73 <Y5+\/H> K 4 >+( 4 )]

wherer>1and%+%=1.

Corollary 17. By choosing ¥o(k,1) = XL in Theorem 3, we derive the following inequality involving the arithmetic
form of (k,1)-Riemann-Liouville fractzonal integrals:

21 2%kY
2k 17kYT plad
(k1) (k+l) N v ] <u1+v1>
I, . U +1I u U ==
(k;l) (01 —Ml)’% [ (ln;a]) eyl (v1) (,,1?1) g (u1) 5

1 1 1
L U1t SEONT (1 )|+ 31U (o) | T 3| (u)[" + U (o) "\ "
- 4 Ys+% 4 4 ’

wherer>1and%+%:1.

Corollary 18. By choosing ¥o(k,1) = ? in Theorem 3, we derive the following inequality involving the harmonic form
of (k,1)-Riemann-Liouville fractional integrals:

21 1Y

2k2 kYF(kl) <?> [ u1+ 0

’ 1Y, e U)o U(ul)] —u( 1 1)
K (v —ul)’% ("3 1)+'¥ () 2

2 % 1 1
T <|u'<u1>|’+3w<v1>l’> L <3w<u1>|r+|u’<v1>|’>r
4 Ys + & 4 4 ’

wherer>1and%+%=1.

Theorem 4. Assume that U : [u1,v1] — R be a differentiable function on the open interval (uq,v1). If |U'|" is convex
on [uy,v1], then

_Y 9
2% kYT ( kY )
(k1) \ ¥y (k1) Y ~
I u U u(vl) + I u U - u(ul)
¥o(k,1) (01 — uy) 0T [ (445) ok () otk
v — Uy 2¥o(k, 1) n U’ (ur)|" + U’ (01)"
- 4 s(Ys+¥o(k,1)) r ’

wherer>1and%+%=1.

Proof. By using the properties of absolute value function and the Lemma 1, we can write (21)

Toten L kY
4 2 ¥ (k) kYF(k,l) (W) v y —
U1 — U Y I U(v) + 1 w0\~ klu(ul) - U 7
1T gk (o —up) L (45) " Fo(ki)

S/01 o (§2m+(2—€)v1> g\yo d§+/ ’u,(gul (2— §u1>‘€%k, i

2
By applying Young's inequality as

o\
1) o (k)

1 1
W< oy @2)
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we get
_Y 4 K
4 2% T (W{l)) Y Y up + 1
01— u Y I u1+0y +‘I’ klu(vl)+1 o1\ g Z/{(ul) —-Uu T
1= TMkU&q—uQ%ww (152) " ¥o (k) (452 o)
: g‘f’o kD 7 4 - / ‘Z/I’ (”1 (2_2@”1)‘ dg
+ 1 C\yo kl d€+ / ’ul (CU1 (2 —25)1/[1> dé (23)

Since |U'|" is convex, we have

Y g B
4 2960 KT (Wiz) ) y v N
01— u D I uptog + Kl Z/[(Ul)+1 up+ovy\ Kl Z/{(ul) _Z/{ 2
! ! Yo(k,1)(v1 — uq) ok ( 2 ) Folkl) (T) Ao(kl)

/C“’ gt [ (Swr+ 2 )
s fetagel [F(Sueor+ 2w ) a

:géé%“@+ / [t (wa) " + |t (01)]"] 4T

_2( Yolk1I) U (u1)|" + [U' (o) "
T s (Ys +O‘I’0(k,l)> + 1 r - (24)

Multiplying both sides of (24) by (v; — u7)/4, we derive the desired inequality. [
Corollary 19. If k = | in Theorem 4, we get the following inequality involving k-Riemann-Liouville integrals:

Y1
2 e M)+ u<u1>]—u(”1§”1)|
(01 —u)t [ ("27) K (M12) &

LU 2k +|U/(M1)|r+|ul(vl)\r .

- 4 s(Ys + k) r

(25)

Corollary 20. If k = | = 1 in Theorem 4, we deduce the following inequality involving Riemann-Liouville integrals:

2Y7IYT(Y) | v Y up + o1
(01 —uyp)Y I<ll]¥vl) Ut I(lq+ll> Ul |~ ( 2 )
v — 2 U’ ()| + U (1) "
< .
- 4 L(Ys +1) * r (26)
Corollary 21. Ifk =1 =Y = 1 in Theorem 4, then we get the following inequality
1 “ U + 01 U1 — 2 U (ur)|" + U (01)]"
— < .
v — / Uty ax—t ( 2 ) ‘ -4 [5(5 +1) " r )

Corollary 22. By choosing ¥o(k,1) = vkl in Theorem 4, we derive the following inequality involving the geometric
form of (k,1)-Riemann-Liouville fractional integrals:

290 T (£
! {H [Iyu1+v1 + Z/l(vl) + IYul+‘l;1 - Z/{(ul) - Z/{ (ul;_vl>
\/H(m —up) VR (T) i <T) e
con [ WA )l ] @)
4 s(Ys + \/H) r
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wherer>1and%+%=1.

Corollary 23. By choosing ¥ (k,1) = k“ in Theorem 4, we derive the following inequality involving the arithmetic
form of (k,1)-Riemann-Liouville fractzonal integrals:

2%71kYF(k,l)<%lj};) [IY
(%) (01 —un)Br | (2

01— U
- 4

Y U1 + 01
>+,%Z/[(Ul) +I(“142r01)_,k+lu(ul)‘| —U( 5 )‘

2(4) | el ] | o0)

s (Ys %) r

wherer>1and%+%=1.

Corollary 24. By choosing ¥o(k,1) = ? in Theorem 4, we derive the following inequality involving the harmonic form
of (k,1)-Riemann-Liouville fractional integrals:

kYF(k,)( )
(kf) V1 — uy) l

v — U
< u 1
- 4

U1+ 0
“1*”1) Ul) + I\({u142rv1)7 kZU(ul)‘| -Uu (2>

(
2(%) )l + meor o)
r i ’

) r

(v

wherer>1and%+%:1.

Theorem 5. Let U : [u1,v1] — R be a differentiable function on an open interval (uy,v1). If [U'|" is convex on the
interval [uy,v1], then

_Y 4 kY
2 ¥y (kD) kYT(k,l)(W) [IY
Y

ok, 1) (o1 — )00 L

U+ vy

I . _
“13”1)+r‘1’o(k,1)u(01) + (@) ,‘Yo(k,l)u(ul)‘| Z/{( > >

1
r

<2 (i) Grveavoy ) (0 Folk e G+ (Y4 3500 1)U (o))

3 G1)

Proof. By using the properties of absolute value function and Lemma 1, we can write

~l=

S

+ (Y +3¥0(k, D)) U (ur)|" + (Y + Yok, ) U (v1)]")

where r > 1.

U I _ U
(v1) + (@) Ho(k) (1)

v kY
) 2%k YT (k,l)(W) l[Y

u(ul—i—vl)
ug+ov \ 1 — - -
VLT (1) (o — )T | () YolkD) 2

Lo (e

By applying the power mean inequality, we get

Y
4 2 ¥kl kYr(k 1) ( (k l)) N v I
01— U I u1+0y +‘I’ klU(Ul)—i—I uytog 7\}/ klu(ul) _z/[ >
LU (k1) (o — g) o0 [ (M2) YolkD) (452 o)
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(581

() ([
+ (/Olg%@dgf_ </ [T

By using the convexity of [U’|", we have

Yy L
4 2960 KRYT (Wiz)) y Y ut + 01
t1—u v | o)y, klu(vl)+1 i\ g klu(ul) —u 2
UM (k1) (o — ) T L () Yok (152 ok

<< Yo (k, 1) >11[|u’ r( Yo(k,1) >+|u’(m)|’< (k1) WolkD) )]1

Y+ ¥o(k,1 Y + 2%, (k, 1) 2 Y+ ¥k 1) Y+2¥(k 1)

Yok 1) \'T [ (o) [ Folk1) W) [ 2%k 1) Yok1) \1*
+ (Y+O\Po(k,l)) { 7 <Y+S‘I’o(k,l)) +— (Y+‘(~)I’o(k,l) B Y+3‘P0(k,l)>}

~=

- <YEO‘I(’I:(§<),Z)> <2(Y+2‘1~I’0(k,1))>r [(Y +¥o(k, 1) |t (u1)|" + (Y +3¥0(k, 1) [U' (v1)']

==

Yo (k1) 1 ; oo oo
+ (Y—l—o‘f’g(k,l)) (2(Y+2‘I’0(k,l))> [(Y+‘F0(k/l))|u (o1)|" + (Y +3%0(k, 1)) [U' (u1)] ]
(34)

After simplification, we get the required inequality. [
Corollary 25. If k = | in Theorem 5, then we derive Theorem 8 in [20].
Corollary 26. Ifk = | = 1 in Theorem 5, we derive Theorem 5 from [21].
Corollary 27. Ifk =1 =Y = 1 in Theorem 5, we derive Theorem 2.2 from [25].

Corollary 28. By choosing ¥o(k,1) = vkl in Theorem 5, we derive the following inequality involving the geometric
form of (k,1)-Riemann-Liouville fractional integrals:

Z\F kYr(k1)< k) ly v ] uy +vq
% o)+ 1, - UMW) | —U|——F—
V(o —upyvi | () VR (g) v ( 2 )

1
-

< () 6 )
-4 Y + ki Y+2f

[ VRO )+ (v VR Gl + [0+ VR Gl + (v VR el] ] 9

Corollary 29. By choosing ¥o(k,1) = 5t in Theorem 5, we derive the following inequality involving the arithmetic
2Y
261 TRYT i (k+Yz)

form of (k,1)-Riemann-Liouville fractzonal integrals:
Yy (Ml er 01 )
(%) (01 — )1

< (52 Gavern) {22 o (25 ]

i [(u 3(";”) U () + <Y+k+) U o))" H (36)

[IY U(vy) + 1Y ~ o U(w)

up o\ gt Uty k+l
2 2 2 2

=i
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Corollary 30. By choosing ¥o(k,1) = ? in Theorem 5, we derive the following inequality involving the harmonic form
of (k,1)-Riemann-Liouville fractional integrals:

ZleflkYF(k,l)(YTl) o Uloy) 1 1Y U() _u(u1+v1)
e R O

<vl_u1< e )( 1 )1
T4 v+ B 2(Y+2#)
{[(H")w(ul)r (Y+3k>|u(vl)|r (v Y wr + (v klz)IZ/l’(vl)V]}}.

(37)

4. Trapezoidal-type inequalities

In this section, we aim to establish new trapezoidal-type inequalities involving the (k, I)-Riemann-Liouville
fractional integrals. These inequalities serve as fractional counterparts of the classical trapezoidal inequalities
and offer refined bounds under convexity assumptions.

To derive our main results, we begin by presenting a useful lemma that plays a central role in the analysis.
The lemma provides a foundation for bounding the difference between the fractional integral average and
the classical trapezoidal mean of a function. It will be instrumental in formulating and proving the fractional
generalizations presented in the subsequent theorems.

Lemma 2. Suppose U : [uy,v1] — R be a differentiable function on an open interval (uq,v1), and its derivative
U' € Li[uy,vq], then

oty kY
UGn) +U(e) 2™ KT (567) Y Uor) + 1Y U
2 Y 3+ * 1 up+o1\ ul)
Wk 1) (0y — uy) Tt | (2h) ok (“52) " (k)

g (e ) (o) o (24 50) )] o

Proof. Let
Y
= [ (S5t BER0Y (1o gwit ), 9)
0

=)
M, — /O (gvl ”1) (1 . gW> dc. (40)

Integrating M; by parts, we get

and

2U (01) 2Y /1 <§M1 (2—5)01) -1
M; = — Uulz—4 = _=2"- YokD) " 47, 41
! 01— Uq ‘Yo(k,l)(vl—ul) 0 2 + 2 g g ( )
Substituting & = 41 + %, we get
2“(01) 2 ¥olk! +1Y 4 Y 9
M; = - 5 o (1= 0T U@ e (“2)

[% a5 | ‘I’O(k,l)(vl _ ul)‘l’o(kl)
After some calculations, we get

k
_2Uy) 2" W ierr g (i)

My = ug o \ U(ovr)
T (k1) (0 —ul)WJrl [ (1) Xolk)

(43)
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Similarly, adopting the same procedure for M, we get

M; = U(up) | - (44)

k
2U(m) 2% ka(kl)(*wiz)) [IY

VLT ULy (k1) (g — ) o T [ () etk

By using (43) and (44), it follows that

Y

2[U(uy) +U(v 2%k kYr(kl) ¥y (k]

M+ M, = [ (vl)_u ( 1)] B (Y(J)r? X IYu1+v1 . Z/{(vl) IY M(ul)
1 1 lIfO(k,l)(,Ul _ul)‘{’o(k/l) (T) Fo(kl)

Hence, multiplying the above equation by (v1 — u7)/4, we get the identity. [

Based on Lemma 2, the following inequality involving (k, I)-fractional integral inequality is obtained.

Theorem 6. Let U : [u1,v1] — R be a differentiable function on an open interval (uq,v1). If |U'| is convex on [uq,v1],
then

vote 1 kY
U(ul) +U(01) _ 27 kYr(k’l) (‘Yg(k,l)) Y U(ZJ )+ IY L{(u )
2 % (M)+r‘yﬂ(k/l) ! (M)_,‘I’O(k,l) !
Yo(k,1)(v1 — uq) Fo®D ) 7
01— Uy Y / /
< .
<27 gy Wl + )] (o)

Proof. By using Lemma 2 and the properties of absolute value function, we have

Y
UGn) +U() 2™ VT (56r) Y Uor) +IY u
2 Y uptop\ 7t 1 uj+og\ 1/11)
Yo(k,1)(v1 — ul)‘f’o(m ( 2 > Fo(kl) (72 ) Fo(kl)

. % ['/0-1 o (%14‘ (22§)vl)‘ (1_?{,0 >d§+/ ‘U’ (Cm (2 2§)u1>’ (1_5\1;()‘{,(,,)) d@} '

(47)
Using the convexity of [U’|, we have
U) +U(v7) 72‘I’o(k,l) kYr(kl)(‘Y (kl)) |}Y . Ll(vl)+IY o U(ul)]
=l 4 Lt R U A CE P
_ M rl
IR >|+|u/<v1>|) (1—@0“)%]
01— 1 C / / qfok[
A (S e+ 255wl ) (100 ) ag]
_ r 1 Y 1 _Y
= B )] (1—a‘fo<k'f>)dg+|u'<vl>| [ (1-e) g
_ Y ,
=27 (e ) (W) + ] s)

O
Corollary 31. Ifk = I in Theorem 6, we obtain Remark 5.4 in [26].

Corollary 32. Ifk = | = 1 in Theorem 6, we obtain Corollary 5.4 in [26].
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Corollary 33. Ifk =1 =Y =1, then we get Theorem 2.2 in [23].

Corollary 34. By choosing ¥o(k,1) = 'kl in Theorem 6, we derive the following inequality involving the geometric
form of (k,1)-Riemann-Liouville fractional integrals:

Jg1 kY
i) (o) 2 T (5) Ty o4 1Y y
2 Y ug+01 +\/H (Ul)+ uy o1 7\/kil (ul)
\/H(Z)] — Lll) Vi < 2 ) ! ( 2 ) !

01—

Y !/ /
<7 (Soop ) W)+ ). ()

Corollary 35. By choosing ¥y (k,1) = k+l in Theorem 6, we derive the following inequality involving the arithmetic
form of (k,1)-Riemann-Liouville fmctzonal integrals:

2 (k+l> (01*”1) ZY

s”l‘”l( b )u’<u>|+|u’<v>|. (50)
4 Y+% [ 1 1 ]

2Y Y
) + ey 2 BT () T v
I(u1+v1)+ kiu(vl) + I(u1+v1>* mu(ul)
2 2 2 )

Corollary 36. By choosing ¥o(k,1) = # in Theorem 6, we derive the following inequality involving the harmonic form
of (k,1)-Riemann-Liouville fractional integrals:

21 L kyT (Ll)
U(M1)+U(U1)_ D\ % v y
2 2 4 ! | U(U1)+I u+oq k2u(ul)
(5) r—wpit L(3m)8 00 ()8
" Y
<23 () e wen, -

Similarly, using Lemma 2, we get the following result.

Theorem 7. Consider a function U : [uq,v1] — R that is differentiable on (u1,vy1). If the function |U'|" is convex over
the closed interval [uq,v1], then

Y
I(@YWMMW * 1(@)’%(1«1)””1)

Y
U) +Uey) 2 WY (g "<Y j) [Y
2
¥o(k, 1) (0
1

u1 ‘FO 2

(%
U1 — U
- 4 Ys+‘P0kl

\u )l + 3 )1 >1+ (3|u'<u1>|r+|u'<vl>|f)11, 52

4
wherer>1and%+%=1.

Proof. By using the properties of absolute value function and Lemma 2, we can write

ot L kY
1 |uGm) vue) 27 BT () [ ;
U1 —U 2 - Y I 141+z)1 +‘I’ klu(vl)+l ”1“’] _‘Y klu(ul)
A Yo(k,1)(v1 — uq) Fo®D (T) Fo(k1) (T) ¥o(k,D)

(G ) oo [ (4B o5 o

2 2
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By applying Holder’s inequality, we get

Y -
L{(ZJ1)+ (@) ,\yo(k,l)u(ul)

Tty 1 kY
4 |Uu) +U) 27 ka(kJ)(wow) [IY

a—i 2 Yo(k,1)(v1 — ul)%(kl)

M) o (k)
([ (oo}’ ([ (305
0 0

)| )

(L) ([ (o258 )

Since |U'|" is convex, we have

vt ! kY
s |um)+uE) 2 W () Ty Y
— - I uptop\F U(v) +1 uptoy \ U(uq)
01— Up 2 ok, 1) (v — 1) oD (T) Mo(k1) (T) Mo(k1)

< ([ (1-¢min)a g)l (f (Gwtnr+ 2w wor) dg)}
s (o)) ([ (Seor+ 2 e ) )
_ (YH;(O(k,l))i <|L{’(u1)|’z32/l’(vl)|’>1 N (st;f{o(k,z))l (3|u’(u1)|f4+ |M’(v1)lr)}

N [(Iu’(m)l’z Sl ()l uf@gV)*] . )

Multiplying both sides by (v; — 1) /4, we derive the desired inequality. [
Corollary 37. If k = | in Theorem 7, we get Corollary 5.7 in [26].
Corollary 38. Ifk =1 = 1 in Theorem 7, we get Corollary 5.6 from [26].
Corollary 39. Ifk =1 =Y = 1in Theorem 7, we get Remark 5.5 in [26].

Corollary 40. By choosing Wo(k,1) = kI in Theorem 7, we derive the geometric form of (k,1)-Riemann-Liouville

fractional integrals G:+ U(x) and G;{, U(x).
1 1

‘Yo (k,l) ‘IJO (k/l)

kY
U(uy) +U(v1) 27" YT () [y

Y up4ov \ T
2 \/H(Ulflq)ﬁ (%) H

cmom(_ fm) l<|uf<ul>f+43|u/<v1>|r>1 (Bt s |u'<v1>rf)1] N

U(vr) + IEW>WU(L[1)]

wherer>1and%+%:1.

Corollary 41. By choosing ¥o(k,1) = k” in Theorem 7, we derive the following inequality involving the arithmetic
form of (k,1)-Riemann-Liouville fractzonal integrals:

2 (%) (Ul_ul)k%

Uli) +U(o) 207 00T ()
uq 01 ’ + Y Y
l1<111+vl>+ ﬂu(vl) + I(lll+v1) Mu(ul)] ‘
2 2 2 [
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o—uw (Y N[ 3 @)\ L (3 )l + W )\
o () [y o))

wherer>1and%+%=1.

Corollary 42. By choosing ¥o(k,1) = ? in Theorem 7, we derive the following inequality involving the harmonic form
of (k,1)-Riemann-Liouville fractional integrals:

W)+ U 26T (1)
(m) +U(v1) DAK) e Ulvy) + 1Y

U140 401\ — Z/[(l/ll)
2 (8) (0 —up L(52)°F (15) 1

1 1 1
< U1 Y |\ (|U’(M1)|r+3lul(vl)r) "4 (3|U/(”1)|“r |U'(01)|r) G

4 4
wherer>1and%+%:1.

(58)

Theorem 8. Let U : [u1,v1] — R be a function that is differentiable on the interval (uq,v1). Suppose that |U'|" is
convex on closed interval [uy,v1), for some fixed r > 1. Then

Y
Y
U) +URy) 2 W () [ y

2 Y I(@)*,\Po(k,z)

Uo) + 1Y, - zumﬂ
Yo(k 1) (v1 — ug) Yo®h “z) Holk

1
o1 — Y Y+l o, o 3Y4T7 o, N\
< -
S o (Y+wdku>{<xy+zﬂ“(m)’*my+aﬂ”(“”

} . 59)

Proof. By using the properties of absolute value function and Lemma 2, we can write (46) as

=

Y + ¥o(k, 1)

3Y +7 / r / r
< ( U (uy)] +m|u (01)] >

20Y + 2%0(k, 1))

Y
s |y ru@) 2T W (si) T y
- Y u1+0q + u(vl)+l up+oy\ u(ul)
U1 — Uq 2 Yok, 1) (01 — up) oD ( > ) Mokl (T) Mo(k1)

(G, =)

2 2

[k (s e (54550 -7 o

Utilizing the power mean inequality, we get

Tty 1 kY
R O e AT U <kz>) [IY
U1 — U 2 ¥o(k,1) (01 — ul)\r()(kz) ( (@) Ho(k 1)

<([ g%yk,)dg)“_l(/ol( gl o (B4 22g)vl)fdg)1l
+</01( gvokz>dg> ( ( gwokl)‘ (Cm 224:) >’d§>7, o

Using the convexity of [U’|", we have

U(vy) + 1Y - uwn]

4o\t
1) Yolkd)

L kY
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i Y
U1 — U 2 ¥o(k, 1) (01 — 1y) kD




Pecari¢ J. Math. Ineq. 2026, 2, 57-76 74

<(f (e )ae )1_1(/ (e S + ;ﬁu'w}dg)}]
() (1= ) ) () (=) [Bweor+ e wor] ) e

Therefore,

Y
Y
s ) +ue) 2 R (s5) v
2 - Y I uptop\t u(vl)+1 up+op )~ u(”l)
U1 — U ok, 1) (vq — uq) ToFD (T) MHo(kl) (T) MNo(kl)

B Y (T )] Y U (o)) (3 2%k 1) Yok 1) \1*
- (Y+‘I’o(k,l)) { [ ? (2(Y+2‘~P0(k,l))) s <2 A Y+g‘1’0(k,l)>}
W (o) Y W)l (3 2%k 1) Yok1) \17

% 7 (2(Y+2‘P0(k,l)))+ 7 (2_Y+?I’o(k,l)+Y+§‘P0(k,l)>} }
v1—u Y Y+1 , ;o NY+7 r

- 122+;1 <Y+‘I’0(k,l)) { (2(Y+2) U )l + 33z ld @)l >

3Y+7 . Y+ Yolk D) ’
+(2(Y—i—2‘1’0(k,l))|u(u1)| +(YTO())|U( )|> } (63)

~ =

==

After simplifications, we get the required inequality. [
Corollary 43. If k = | in Theorem 8, we get Corollary 5.10 from [26].
Corollary 44. Ifk =1 = 1 in Theorem 8, we get Corollary 5.9 from [26].
Corollary 45. Ifk =1 =Y = 1in Theorem 8, we get Remark 5.6 in [26].

Corollary 46. By choosing ¥ (k,1) = vkl in Theorem 8, we derive the following inequality involving the geometric
form of (k,1)-Riemann-Liouville fractional integrals:

X1
U(w) +U(01) _2m kYr(’“”(%) [IY L Ulo) + 1Y B bl(m)]
2 \/H(Ul _ul)% (u]+v]) ,\/7 (uﬁ—v]) ,\/H
nowm (Y 1+Y e 743Y o NT
= ot <Y+\/H> { (2(2+Y) Ul + sy M (”1”)
Y7 ey YR N
+ (MW (un)["+ 2(Y + 2v/R) U’ (01)] ) } (64)

Corollary 47. By choosing ¥ (k,1) = k” in Theorem 8, we derive the following inequality involving the arithmetic
form of (k,1)-Riemann-Liouville fractzonal integrals:

2Y
Uuy) +U(vq) 2T kYr(kl)(kH) Y y
2 B k+1 2 w40 \ T kel u(vl> +1 11 +01 k+lu(u1>
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1
U1 — Ug Y 1+Y ry 7+3Y N\
<
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7 +3Y Y 4 Kt '
) e I )| (65)
2(2+Y- &) 2(Y+2-51)
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Corollary 48. By choosing ¥o(k,1) = ? in Theorem 8, we derive the following inequality involving the harmonic form
of (k,1)-Riemann-Liouville fractional integrals:

U +U(oy) 2%71"“(“)(%1)
251 01 ,
) oy e ey ]

1
2 £ (o — )2 T
1
01 — Uy Y 1+Y / r 7+ 3Y ’ r v
< Y L
> 22+% (Y—I—k;) {<Z(Z+Y)u (u1)| +2(2+Y)|Z/[ (Ul)‘
7 +3Y Y+ & %
Sl Davommsvray |U/(M1)|r+71k2 U’ (v1)[ } (66)
2(2+ %) 2(Y+28)

5. Conclusion

In this study, we explored a variety of Hermite-Hadamard-type inequalities involving the

(k,I)-Riemann-Liouville fractional integrals by utilizing the convexity properties of differentiable functions.
Several key theorems were established, each extending the classical Hermite-Hadamard inequality into the
fractional setting defined by the parameters k and [. Notably, our results include arithmetic, geometric, and
harmonic forms of fractional inequalities, and they encompass several previously known results as special cases.
These findings contribute to a broader understanding of how fractional operators interact with convexity, and
they open new directions for further generalizations in the theory of inequalities.
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